
 

4 Hilbertisbasitm 0

Throughout R is a commutative ring and F is a field

3igideai Every ideal in tix xD is finitely generated

We'll actually prove something more general

R is Noetherian iff RG is Noetherian

Jef R is Noetherian if every ascending chain of ideals stabilizes i.e

if I E Iz E Iz E then for some N IN Int
Ex R 2 is Noetherian Consider Eto E 72 E K e 3 E

None R I Xi Xz Xs Consider x E Xi K E X Xz XD E n

Pop4 If R is a PID ther R is Noetherian

PI Consider I E Iz E Is E and define I Ij a ae

Pick In containing a

Ther ca e In I a In I
Thus In Int I R is Noetherian D

HI A ring R satisfies the maximalcondition for ideals if every
nonempty set 5 of ideals in R contains a maximal element J i e

Jes and J E I J I

Note There might be multiple maximal elements in S

Dude Exercise R is Noetherian if it satisfies the maximalcondition



Pnp R is Noetherian iff every ideal is finitely generated

PE Take an ideal I of R
Let S all f g ideals contained in R

We need to show that I c S

let 5th rn be a maximal element of S

If a c STI then JE ri rn EI which

contradicts maxinality here 5 I C S V

let I e Iz E Is E be an ascending chain of ideals

Put I I ri ru

Then Rj c IN for some Nj

ht N Max Nj Ther Cri rn c In e I fi rn

and so In Int I hence R is Noetherian D
2 For an ideal I of REX ht Icm be the set of all
coefficients of degree M polynomials along with zero

Exercise easy

l Icm is an ideal of R
2 Icm C I mtl for all m

3 If IET are ideals then I m EJ m



Pwp4 let IEJ be ideals of REX If Icm Jcm for all m
then I J

PI If not then pick fix c JLI of mini degree m 0

Since Icm J m there is some gCx C I of degree in with

the same leading coefficient

Then fix guy c JLI and 0 a deg fan gCx m I D

Thm4 Hilbert's basis theorem If R is Noetherian then the

polynomial ring R Xi XD is Noetherian

PE since R Xi XD REX Xnd xn we may assure n 4 and
write X X

Let Io E I E Iz E be an ascending chain of ideals in R

and let S In m O a n m c 2

By Pvp 4.2 s has a maxi element Ids
Consider the ZD array of ideals of R

Io o e Io De c Ids c e Ids e

Into c II're e Itis t e Itis e
IHO a IID E e ITISD e IIe

E
Igls Iris11



0
Note E holds by the Exercise part

hi holds by the Exercise part
The jth column stabilizes say at Iff j
Set u max Ao AD s y r m 7 In m

I 2 r r S

BY ton Iu hlm IuCm tk70
2

By Prop 4.4 since Iu C Iu h n i

and Iucn Imam fm
41µm

i s

In Iud f 0 thus the u 0

Cham Io E I E stabilizes so

REX is Noetherian D Idm Iutelm the o

Ia Iuth

Renard The Hilbert Basis theorem also holds In the ring Rdx of
formal powerseries over R

Coe Suppose S is a not necessarily commutative ring with unity and

R a Comm Noetherian subring with 1st R and Si Sm in the
center of S Then R Si Sn is Noetherian

PE By Thin 2.3 substitution R REX xn

z hmm REX xD R b I Es
snf Xi Xn f si Sn

Clearly homeomorphic images of Noetherian rings R si Sn
are Noetherian D



Renard The Hilbert Basis theorem doesn't tell us how to

find a basis for I or what a particular nice basis

might look like

This is a question in co m

one nice type of basis is called a Grobrebasis and

the B gorHhm constructs one


