
 

5 Thechinesere.vn derTheorem

Motivatingexample ht's solve the system 2x 5 God 7

3x 4 mods

In Rz 2 1 4 so 4 2x 5 mod 7

X 6 mod 7

x 6 17T for EEZ
Plug this into 3x 4 drool 8

316 74 4 mod8
5 1 2 mod8 Note 5 1 5 in 2g

5151 2 mods

1 2 mods

1 2 85 for se I
plug 1 2 85 back in X 6 7 E

6 7 2 85

20 565 X 2O wd5

iron Solve X 3 God4
x o od6

x 3 14T for t c7L

Reduce modulo 6 3 4 1 0 mod 6 41 3 mod G

This has no solution because gcd 4,6 t 3



O
chit number theory version let n na c It be

pairwise coprime For any q ah c 7L 2x c 2 that solves thesyste
X a mod n

an modnut

Moreover all solutions are congruent modulo N nine na

This is a special case of a much moregeneral result

Groups If HEG then x y modH if g x cH
or x yc.lt in additivenotatio

Rings If I E R then r mod I if r SEI

Warmups If I JER then IT _fab at I bet

a bit table ai EI bjcJ E I n J
Example 9 6 54 E 2 product

9 n 61 48 km
9 6 3 god

Remade In 2 godlyg I iff Fa be 2 s t axtby a unit

or equivalently 6 y 7L

Two ideals I J of R are co prime if I 1J R

Chinese RemainderTheorem rings 2 ideals let R have 1 and I T be coprime
ideals Then for any h GER I reR s t r AEI and r r EJ

XE r mod Ii e r solvesthe system
p mod J



I write Katb ac I b c J and set r Eat rib
why this works

r r r rb ri b D fat rib D ha ha ez r a c I

r n f ha rda D r b tria D r b rib p E bet

Chikka ring version let R be a ring with 1

and I In pairwise coprime ideals Then for any r rn cR
T r ER s t X r solves the system X r mod I

rn mod In
Moreover any 2 solutions are congruent modulo I n n In

PE For j 2 n write l aj bj where aj C Ii bj c Ij
Then I aiba a b anthon

ok lastb anthon bela b anthon c I t Ij R

Now apply the CRT for 2 ideals to the system x I nod I

wt s c R be a solution X 0 mod III
Note that s 0 mod Ij for j 2 n

Similarly let Sh be a solution to X I mod In
x O mod hIj

Now set r r s t 1 rnSn
Note that r rj mod Ij



Now if SER is anothersolution then s D r mod Ij Fj l n

and so S r mod Ij D

G let Ii In be ideal of R Then I ring homon

9 RHI n n In NI X RI In
Moreover if I eR and IjtIh R fjtk ther g is an isomorphism

PE ht f R RII x xR In be the coronal mapping
ri rtI r In

This is clearly a homom with her f I n n In

fBy the FAT 71g that we seek R HI x rxR I
This is It because of the LRT 7

all solutions are congruent g
v r

modulo Ij RHI n n In
If the Ij's are pairwise co prime

ther g is onto by the CRT levy system can be solved
E RT let R 2 and I Mj for j I n with

mi Mj for itj Then I n n n In mime Mn and

ZMMz mn RM X X Rm

Cee let n p r pnd distinct primes Pj Then

Zn E Zpd X r X Ipndn




