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Fri 1019

Previously We've studied differential calculus derivatives rates of charge

Given a function fan find its derivative f CH

Next we'll do integral calculus which is the opposite

Given a rate F'CH find the antiderivative flx

take derivative

igidea Function f x f x rate of change
antiq

area undercurve will motivate this next

Motivating example Consider a 4 how roadtrip where the velocity you
travel is the following Go vfD X't

i i
i

Question Howfardidyou travel i
30 l

There are two ways to answer
5 30 I 120 is i

l l l l f2 3 Y

Method 1 area under ane

OE te I 3014 14 30 mi

I E te 3 Goff 2b 120mi
total dist 301120 5 165

SE t e4 45 hi th 15mi

Method 2 odometer

check your odometer after 4
before the trip Subtract these values

X 4 X l 5 2 o o 5 o 3 5 165mi






































































































































This is half of the Fundamental Theorem of calculus

It works more generally not just for piecewise functions

I

mist

Area under the curve of XCH

Hb X a

Key concept The net area or signed area from a to b

denoted Jba fan dx is

integral area above x axis areabelow x axis

that

HH
Why we need signed area an example

Consider a road tip ceo

Oe te 2 driving a n home at 60mph 44
te3 driving towards home at 30 mph 30

How far from home net dat are

And Signed area under cure 120mi 30mi 90mi

Anse GPS readings X 3 X o 90 ni O mi 90 mi






















Mogi testof signed area

fi fix dx 0
a

fab fly dx Jj ffx dx Agf g
fabfungal dx fabfcxidxtf.gl dx 4141

table fix dx leaf fix ok
2

fifa dx fabfandxtfi.fmdx

Recall that we had a limit definition of the derivative

f him fHthffl slope of target line

Now we'll need a limitdefinition for signed area a the cure

This is motivated by Archimedes limit definition f the area of a circle

one of many ways to do this

i
ffifIiii

c175417 i ba



Riemann sums approximate area underthe cure

Example Approximate the area underfCxI xH from a 0 to 5 2

leftRiemann right Riemann

Sum
Sum

om.a.AT
a

I

t
b 43 3341 51 452 O 13 43 3343 53 63 2

T p
X t X t Tx t TX t

Here we are subdividing the intend a b 0,2 into n 6 equal parts
each one having width DX 26 43

leftRiemann sun Area ffotsxtfftfsxtffdbx fffsxtffflsxtffE.si
rightRiemannsum Area fltdoxtffE Dx tff'sDxtff DXtf xtffE
wed 1014

Iteratively one can approximate the area using the midpoint of each box
or any other point or with trapezoids

midpoints arbitrary trapezoids

of F

w at ur
e or o o e

t t t t
XT X t Xi't XE



Regardless of which Riemann sun we choose

Area Io area of ith box

fix of fait Dx Hx dx

r ta ta

let's compute this explicitly for Axl x't l i e f ti DX

First we'll review Sigma rotation

k It 2 3 4 5 16 i

dummy variable

operties face bn a Eb break apart sums

can C ah pull out constants

dentities k 1 2 3 t nD t n n n

k I 4 9 t n 15th Nn f 2n

E k I 18 27 t LnD n n4f



Riemann sum example Compute Xii dx let DX 2nd s

Subintervals 0,4N n 4h Yn 2 If n 6

Right endpoints 2h 4h 2in 2

Area fixity ox qq.jo
EfHnt.zn

EiffnhiHn E.lfEtEI
Ii 10116

8h5 In

8g it In I

In fnlntlk2nttf Zn.tn
Now take him nling Sf Mn11112nA him 2

Iz 2 t 2

Area function fix Axs and a real number a
fµ

Define ACN fft dt
area underthe curve from a tox

a x



Clearly Ala fifth d1 0

Remark

Alxth ACA fix h

r e
a X Xth a X xth a X Xth

Note that Alxth Atx fix h

Alxth Atx
h zffx

Take him of bothsides AYxf lhisnoAKhhAH e.fi f

Big idea If A x is the area function of Axl then

Axl fix In other words

the derivative i area functions are inverse operations

dd Ndt

fly T f41 Htt VH1

area under area under
curve come



This is the Fundamental theorem of calculus Part1

If f is continuous or a b and differentiable on Ca b

lwedttffyddxfifhdt.fi

We say that Fay is an anti derivative of fix if Fkp fly
Antiderivatives are not unique
Antiderivatives of fix 2x include x x't l x't2

Fact If Fx GH are antiderivatives of fax then

F x Gtx C for some constant

Why F G F G C C O F G C

Now Consider a function fix

We know Afx is an antiderivative by FTC 1

let FH be any other antiderivative
Then Fay ACx C Recall Ala O

Hb Fla Alb 1C Ala IC

Alb fab fix dx
This is the Fundamental theorem of calculus Part 2

If f is continuous on Ca b and F is ay antiderivative off

thenfabffxydx FCD.FI
T


