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The shape of an ideal arch see slides on Canvas

what is an ideal arch

Threeconditions The only load on the arch is its weight

Theonlyexternal support is at its base
Gravitational forces on the arch are balanced

perfectly by its reaction to the compression thatthese
forces generate

Another answer due to Robert Hooke 1671 hanging chain upsidedown

Imagine a weightlessfishing line that has weight strung along it
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Forces must balance if the string is at rest

At each weight
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Thus we get a system of equations that must
hold

T t W Tz

fi

Tn tWn Tnt which is not fun to solve

As usual the Calculus version of this problem is lessmessy later

If we turn a chain upsidedown we get an arch
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Safetheorem Heyman 1966 As long as there is any polygonal

path inside the arch such that the forces balance then the
arch is stable

It turns out that the shape of an ideal arch or hanging chari

i.e the haling in the previous examples is a

hyberbolic cosine function Acosh Bx Ale EE AB

Def Hyperbolic Cosche Hyperbolic sire
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let's explore thisfurther

Polygonalapproximations offunctions Topic from the end of Calculus 2

Motivating example Lt's approximate fan ex at X O
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we've done a lot of there
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And so on

nth order approximation Tna aotqxtaz.it tax

Taking the limit as nax yields an infinite series
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How to find an
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Consider an ideal arch
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Need to balance horizontal in verticalfares

3dance horizontal forces

x DX cos tax Ux cosotx O

im C x tox Cos tax CCMcos047 0 take limit of bothsides
O DX

d
dj Cl x cosecx dx 0 dx integrate both sides
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A Ux cosOfx Co co unknown constant

Remand If we play in x O we get C6 COSIO Co

Thus Co O Compression force at top of arch
gyBalance vertical forces r
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Now what do we do with and Gtd
Consider tanOtx there are two ways to compute it
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Thus the function y that describesthe arch satisfies
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This is an example of a differential equation an equationthat defines

ya implicitly but not explicitly
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Aside Differential equations come up in science4 engineering

EE Rateofchange of an investment is proportional to its value

y k y

e g 5 interest rate y 0.05g

This has soin yl Ceo05T exponential growth µ
Anotherexample

Rateofchangeof temp of coffee is proportional to differencebw noon temp
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Backto solving
claim yCx Gwcosh oX t works

Read coshlex ek z sinh et
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Also coshlex Sinh lex and sinkkx cosh kx

So off Sinh Ex
dd Cosh Ex LHS need to show this is RHS
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Next If h is the max heightof an arch then

y6 E cosh.fm D I D h D hth

Thus the final solution is ylx Ewcoshf x tfhtE

In general the shape f an idealarch is y x Acosh D
Now backto the St Louis Anh seeCanvas slides
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