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How to encode a linear map with a matrix
Let T: X — U be a linear map between finite-dimensional vector spaces.

To encode T as a matrix, we'll need to choose:
1. an “input basis” Bx = {x1,...,xa} for X,

2. an “output basis” By = {u1,...,um} for U.
Let {¢1,...,€m} be the dual basis of By.

First, we write the images of the basis vectors in Bx using the basis vectors in By:

Tx =
Txo =

Tx; =

Txn =
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Summary

Let T: X — U. The matrix A of T w.r.t. bases Bx = {x1,...,xn} and By

IS

Remarks

A =

5T, = [Txl Txo - Txn].

m The range of T is the span of the column vectors — the column space.

B a; = (4, Tx;),

={u1,...,um}

Tx1 = anpur +aziur + - -
Txp = a1pur + axpur + - -

TXj = ayjur + axjur + - -+

Txn = a1pun + azpu + - -+
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+ajiuj+ -+ amitm a1
+ ajpuj + -+ amatm
a1
A=
+ajuj+ -+ amjum
ami

+ ajpuj + -+ amnlm

a12

an2

am?2

ain

azn

amn
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Example 1

Let T: R2 — R? be the projection onto the line y = x.
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An interesting choice of basis

Proposition
If T: X — U is invertible, we can always choose Bx and By so the matrix is the identity.

More generally, for any T: X — U, we can choose Bx and By so the matrix in block form is

lrxr O
A= BX[T]BU: { S o]'
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Example 2
Let X = {co + c1x + c»x? | ¢; € R} with basis Bx = {1, x, x?}.

Let U = {co + c1x | ¢; € R} with basis By = {1, x}.

d
Let T = o and so T: ¢p + a1x + cx? — c1 + 2.
Ix
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The matrix of the transpose

Let T: X — U be linear, and pick bases Bx = {x1,...,xa} and By = {u1,...,um}.
Let Byr = {¢1,...,¢m} be the dual basis of By.

Let A = (aj) be the matrix of T w.r.t. these bases.

In plain English, aj; is the result of:

1. starting with the jt" basis vector in X,
2. applying the map T,
3. applying the i*" dual basis vector in U’.

Let's apply these steps to the transpose map T': U’ — X’ to find its matrix form, A’ = (a}).
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