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What is a determinant

Definition (unofficial)

The determinant of T : Rn → Rn is the signed volume of T ([0, 1]n), the image of the unit
n-cube.
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Permutations

Definition

Let [n] := {1, . . . , n}. A permutation is a bijection π : [n]→ [n]. The set of all n!
permutations is the symmetric group, Sn.

Definition

The discriminant of variables x1, . . . , xn is

P(x1, . . . , xn) =
∏
i<j

(xi − xj ).

Permuting variables only changes the sign of the discriminant:

P
(
π(x1, . . . , xn)

)
=
∏
i<j

(xπ(i) − xπ(j)) = sgn(π)︸ ︷︷ ︸
±1

∏
i<j

(xi − xj ).

We call sgn(π) the sign of the permutation π.
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Transpositions

A transposition is a permutation τ ∈ Sn that swaps two entries and fixes the rest. That is,

τ(i) = j , τ(j) = i , τ(k) = k, if k 6= i , j .

We write this as (ij).

Proposition (HW)

(i) sgn(π1 ◦ π2) = sgn(π1) sgn(π2)

(ii) sgn(τ) = −1 for any transposition

(iii) every π ∈ Sn can be written as a composition of transpositions: π = τk ◦ · · · ◦ τ1

(iv) the parity of this decomposition is unique

(v) if π = τk ◦ · · · ◦ τ1, then sgn(π) = (−1)k .
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