Homework 5 | Due September 24 (Friday) 1

1. All of the subgroups of D5 should be visually apparent from thinking about symmetries
of a regular pentagon, shown below at left. At right is a Cayley diagram.

(a) Construct a subgroup lattice for Ds. Label each edge from H to K with [H : K].
(b) Find the left and right cosets of the subgroups ( f) and (r), and find their normalizers.

(c) Two subgroups H, K < G are conjugate if K = gHg™' := {ghg™" | h € H} for some
g € GG. This defines an equivalence relation on the set of subgroups called conjugacy
classes. Partition the subgroups of D5 into conjugacy classes.

2. The Cayley diagram of the smallest non-abelian group, G = C7 x Cj, is shown below.

a) On ablank Cayley diagram, label nodes with the order of the corresponding elements.
b)
(c¢) Find the left and right cosets of the subgroups (s) and (r), and their normalizers.
)
)

(
(b) Construct a subgroup lattice and label each edge with the corresponding index.

(d) Partition the subgroups into conjugacy classes, and denote this on your lattice.

(e) Repeat the previous parts for the group G = Cy x C3, whose Cayley diagram you con-
structed on the previous assignment. It is helpful to know that it has four subgroups
of order 9 and four subgroups of order 3.
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3. Consider two semidirect products of C5 with Cy, whose Cayley diagrams are shown below.
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(b) The subgroup lattices of these two groups are shown below, not necessarily in the
right order. Determine which lattice corresponds to which Cayley diagram (with
justification), and then re-draw them with the subgroups written by generators.
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(a) On blank Cayley diagrams, label the order of each element.

(¢) Determine which group each of these is isomorphic to, and which elements a and b
correspond to. Recall that there are only three nonabelian groups of order 20:

D10:<7’7f|T10:f2:177’f7":f>7 DiC10=<T,S|T10=84:1,r5:s2>,

AGLy(Zs) = <[(1] ﬂ , B ﬂ> < GLy(Zs).

Write a presentation for both groups in this problem, in terms of a and b.
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4. Prove the following, algebraically (that is, do not refer to Cayley diagrams):

(a) If H is a collection of subgroups of G, then m H, is a subgroup of G.
Hoer

(b) For any (possibly infinite) subset S C G, the subgroup generated by S is defined as
(S)y = {s7's3?---s;" | s, €8, e € {—1,1}}.

That is, (S) consists of all finite “words” that can be written using the elements in S
and their inverses. Note that the s;’s need not be distinct. Prove that

where the intersection is taken over all subgroups of G that contain S. [Hint: To
prove that A = B, you need to show that that A C B and B C A/]
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