Homework 6 | Due July 20 (Tuesday) 1

1. Write each system of differential equations in matrix form, ie., x’ = Ax +b. State
whether the given system is autonomous or nonautonomous, and also whether it is ho-
mogeneous or inhomogeneous.

¥=x+y+4, vy =-2x+ (sint)y
¥=3r—4y, Yy =x+3y

(a) o' =y, Yy =x+4
(b) ' =x 42y +sint, 3y =—x+y—cost
(¢) o/ =—=2te+y ¥y =3x—y
(d) ' =x+2y+4, ¢y =-2x+y—3
(e) 2/ =3x—y, ¥y =x+2

f) @ =—zx+ty, y=tr—y

)

)

—
=0

2. Transform the given 2°¢ initial value problem into an initial value problem of two 1% order
equations (by letting 1 = u and x5 = u'), and write it in matrix form: x’ = Ax + b,
x(tg) = x¢. (No need to solve!)

(a) u” +0.25u" + 4u = 2 cos 3t, u(0) =1, «(0)=-2
(b) tu” + v +tu =0, uw(l)y=1, 4'(1)=0
3. In each problem below, an inhomogeneous system x’ = Ax + b of two first order ODEs is
given. The qualitative behavior of the solutions (as seen through their phase planes) near
the critical point are all different. The motivation of this problem is to discover how the

eigenvalues and eigenvectors determine the behavior of the solutions. For (a)—(e), carry
out the following steps:

(a) Find the equilibrium solution, or critical point, for the given system.

b) Write the associated homogeneous equation, x' = AX, and find the eigenvalues and
g g
eigenvectors of A.

(c) Draw a phase portrait centered at the critical point. (The PPLANE applet at
http://math.rice.edu/"dfield/dfpp.html is fantastic.)

(d) Describe how solutions of the system behave in the vicinity of the critical point (e.g.,
do they approach the critical point, depart from it, spiral around it, or something

else).
(a) ' =—x—4dy—4, y=x—y—=6
(b) 2’ =—0.252 — 0.75y +8, ¢y =05x+y—11.5
(c) @ ==2x+y—11, ¢y =-bx+4y—35
d) 2 =x4+y-3, y=—zx+y+1
)

¥ =-br+4y—35 <y =-2zr+y—11

—~
@
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4. Tank A contains 10 gallons of a solution in which 5 oz of salt are dissolved. Tank B
contains 20 gallons of a solution in which 6 oz of salt are dissolved. Salt water with a
concentration of 2 oz/gal flows into each tank at a rate of 4 gal/min. The fully mixed
solution drains from Tank A at a rate of 3 gal/min and from Tank B at a rate of 5 gal/min.

Solution flows from Tank A to Tank B at a rate of 1 gal/min. Let x(t) = (ilgg> , where
2

x1(t) (respectively, z5(t)) is the amount of salt in Tank A (resp., Tank B) after time t.
(a) Write down a system of ODEs (including the initial condition x(0)) that models this
situation, and write it in matrix form: x' = Ax + b, x(0) =c.
(b) What is the steady-state solution, x?
(c) Write down the related homogeneous equation and solve it.

(d) Find the general solution the orginal system of differential equations modeling the
tanks.

(e) Plug in ¢t = 0 and find the particular solution.

5. Suppose that x;(t) = u(t) + iw(t) solves the system x’ = Ax, where u and w are real-
valued vector functions. Show that u and w also solve x’ = Ax. Explain your reasoning.

6. Find the general solution for each of the given system of equations. Draw a phase portrait.
Describe the behavior of the solutions as t — oc.

@ x=(5 7)o =T )
@ x=() L)@ x=({ )

7. In each of the next four problems, the eigenvalues and eigenvectors of a matrix A are
given. Consider the corresponding system x’ = Ax. Without using a computer, draw
each of the following graphs.

(i) Sketch a phase portrait of the system.
(ii) Sketch the solution curve passing through the initial point (2, 3).

(iii) For the curve in part (ii), sketch the component plots of z; versus ¢ and x5 versus ¢
on the same set of axes.

(a) A\ = —1, V1=<_;); Ao =—4, vy=

-1
(b) A1 == ]-7 Vi = 2 ;

1
2
1
9 .
-1 1
(C) )\1:—1, V1:( 2)7 )\2:4, V2:(2>.
1

(d) M=1, vlz(;); Mo — 4, v2:(_2>.

8. In each of the next four problems, the eigenvalues and eigenvectors of a matrix A are
given. Consider the corresponding system x’ = Ax. Without using a computer, draw
each of the following graphs.
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(i) Sketch a phase portrait of the system.
(ii) Sketch the trajectory passing through the initial point (2, 3).

-1 1
(a) )\1:_47 V1:( 2)7 )‘2:_7 (2)
-1 1
(b> )\1:47 V1_< 2)7 )\2:_7 V2<2>
(€) M =—4, V1=<_§>; A=1, vg= ( )
1 1
(d) /\1:4, V1:<2); )\2:1, VQZ(_Q).
9. Find the general solution for each of the given systems in terms of real-valued func-
tion, and draw a phase portrait. Describe the behavior of the solutions as t — oo.

wx=(5 ) w5 ) @ x=(1 )

10. In the problems below, the coefficient matrix contains a parameter a.

(a) Determine the eigenvalues in terms of a.

(b) Find the critical value or values of o where the qualitative nature of the phase
portrait for the system changes.

(c) Draw a phase portrait for a value of « slight below, and for another value slightly
above, each critical value.

(d) Draw a phase portrait when « is exactly the critical value.

W= (4 e w0 )

11. Find the general solution for each of the given systems and draw a phase portrait. Describe
the behavior of the solutions as t — oc.

e (T me (T ) 0 xe (30

12. Find the Laplace transform of the following functions by explicitly computing / f(t) e dt.
0

(a) f(t) =3

(b) f(t) =€

(c) f(t) = cos2t

(d) f(t) = te*

(e) f(t) =e 3sin2t

13. Sketch each of the following piecewise defined functions, and compute their Laplace trans-
forms.

@ fo={g 5" o ro={5 57
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14. Engineers frequently use the Heavyside function, defined by

0, t<0
H(t)_{l t>0

to emulate turning on a switch at a certain instance in time. Sketch the graph of the
function z(t) = €%* and compute its Laplace transform, X (s). On a different set of axes,

sketch the graph of
( ) ( o 3)60.216

and calculate its Laplace transform, Y (s). How do X(s) and Y (s) differ? What do you
think the Laplace transform of H(t — c)e®? is, where c is an arbitrary positive constant?
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