Homework 3 | Due July 20 (Wednesday) 1

1, z=0

L Let f(z) =¢ %, =2cQn(0,1] Prove that f is continuous at all irrational points.
0, zeQn[o,1]

2. Prove, for f € B[a,b] and a partition Q = {yo,v1,. .-, Yk},

UP,f)— (K =1)(M —m)||P|| <UPUQ, f), VP: any partition.

Hint: First, draw an appropriate picture that contains the essential idea of the proof.

w

T b
. For f € Bla,b], prove that / f= leiHmOU(P,f), where ||P|| = max Az;.
a —

1
4. Use the fundamental theorem of calculus to evaluate / zlnz dzx.
0

(@34

t, telo,
'Lﬁf@%:{b—ﬁ teh

(a) Find the indefinite integral, G(z) := / f(t) dt for all = € [0,2].
0

(b) For what value of b is G(x) differentiable for all z € [0, 2]?
6. Find F'(x), where F' is defined on [0, 1] as follows:
1
(a) Flz) = / VITE.
$z2
(b) F(z) = / f(t) dt, where f is continuous.
0
g9(z)
(¢) F(z) = / f(t) dt, where f is continuous and g and h are differentiable.
h(z)

r+a
(d) F(z) = / f(t) dt, where f is continuous and a > 0.

7. Let f € Cla,b] and g € Rla,b] with g > 0. Prove that

b b
dc € [a,b] such that / f(z)g(z) doe = f(c)/ g(x) dx.

1
8. Let f € C[0,1]. Prove that lim [ f(a")dx = f(0).
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