MthSc 453 (Summer I 2012)

Midterm 1

MthSc 453: Real Analysis (Summer 1 2012)
Midterm 1
May 31, 2012

NAME: k Ry

Instructions
e Exam time is 75 minutes.
e You may not use notes or books.
¢ Calculators are not allowed.
e Show your work. Partial credit will be given.

Question | Points Earned | Maximum Points
1 20

2 30

3 ' 20

4 30

Total 100

Student to your left:

Student to your right:
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1. Let F be a field endowed with an order <.

(a) (6 points) Define what it means for F together with < to be an ordered field. You do not need
to define what a field is or what an order is.

Thw a{u_n-’c,'on) presene Hee orher, (e
() X< Y =) x+&<~312-, \f 2

(i) x<y = CX<Cy ¥e>o

(b) (6 points) Define what it means for F to have the least upper bound property.

Eﬂlj M"?-"‘P_ch subhte A e F bowded adome has «
(.0.4.&‘{' uPpAF LolAl\ak ol & F4 (NQAJ et EC M A()

(c) (8 points) What can you say about the fields Q, R, and C, regarding these properties? Why is
R is some sense “special”?

C(l.&A‘S, Q < R« C.
e L o act e e Lub poprty. (T4 A uho(es'f)
o € conot e made mto an gridered B (Tt 0 o “g '”)
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2. Let u < oo be an upper bound of a set A CR.
(a) (4 points each) Thus far, we've seen (at least) three equivalent definitions of the supremum

of a set, which are started below. Complete the following three sentences, each of which is a
condition from which we can conclude that u = sup A.

(i) If v # u is an upper bound of A, then ... V 7 u

an
o

f____,._.._-—-——-r—-—t--m

(iii) For any ¢ > 0, ... 3 QGA. s.+ U-E < &

A <

N W< a U
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L

(b) (10 points) Pick two of your statements from Part (a) and prove that one implies the other.
(You have six choices: (i)==>(ii), (ii)==(ii), etc.)

@ = (i) . der U
Suppose L (3 &n wppsr bovnd Qr» A st
Vx<u, BMA et xeasd, &)

Tabe c;o,‘Pu}’\X'-'\A-—i' By (), 3 A st p-8<acsu,
Y ) at . \/\:;\_/ D

s s (i 0

(c) (6 ;Zoint):s) For k € R, define the set kA := {ka : a € A}. Prove that if k > 0, then ksup(4) =
sup(kA).

hf d ¥ Swp A Assume k>0 (‘H«k cose o kzo 3 "(T‘r\/l"'-a\-

A LA |
Clawm U kst 6 6 uppec bound Fic LA, m 5—*—51:)&
Poo>  Preke xeleA, Soq X=ha. |Sie_aso ¢ kyo = kﬁglf_sd- -

»

Clagm 2 {(,4 (5 & st wpper bond &r LA

Pg!('; Use_ M‘(\ (g.\(‘") P(\C(L X(l(o( ::D 'E’(U_

e J T Sep A‘, AeaeA st 3‘;<asx =) X< l(a-sl('(. v e (40(-'5“9\(:L/1'

(d) (2 points) Does your proof hold for k¥ < 0? Why or why not? {:

T boved pact  cepurres k20,
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3. (5 points each) For each of the following set;, decide if it is countable or uncountable. Give a one
sentence justification for each.

(a) The set By = {z1,%3,...,2 : 7; € {0,1},n € N}. That is, the set of binary sequences of finite
length.

Counballe . THs o comblls wim of fonit w1t (ad c(u.ﬁ :\n‘%@

(b) The set B; = {x;,z2,%3,...:2; € {0,1}}. That is, the set of binary sequences of infinite length.

(Aacmt.\&k_ Thet_ (s & QU ectiun B,- B— DNO"N

(c) The set Z; = {z1,79,...,2n : z; € Z,n € N}. That is, the set of integer sequences of finite
length. .

Conteble . THs o conbdde wnipn of Cocntall sets

(d) The set Z; = {z1, 9, 23,...: z; € Z}. That is, the set of intéger sequences of infinite length.

U'/\Cuwx{f’«i(t_' I+ ConCains &; ("\ U el le Sd\ a5 A ;kL-’S"j-
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4. Let (X, d) be a metric space, and A C X.

(a) (4 points each) Carefully complete the following definitions:

(i) A point x € X is a limit point of A if ... -Vrsllz , Nr(") , C@A'&’\l\ﬂj Some QEX

_ in A,

(iii) A point z € A is an interior point of A if ... dre R s & N‘.()(\CA.

(b) (9 points) Now, suppose that X = R, and d(z,y) = |z — y| (that is, the Fuclidean metric).
Write down the limit points, isolated points, and interior points of each of the following sets: Z,
Q, and R. (No proofs needed.)

A Q 74
limt oy | ow | R [
BL'};J Q‘H YA Nons Noae

'n ‘hrf ar P“t‘; Noag Norr R
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(c) (9 points) Finally, consider the discrete metric on R, defined as

1 i
d(””’y)={ 0 if:zz.

Again, characterize the limit points, isolated points, and interior points of each of the following
sets: Z, Q, and R. (No proof needed.)

Z

Q
l imit P‘{"S Adee Nong Y
C .
@

sl phi | 7 2
(\f\'(’m’Or P"r 7 Z {2

¥ Not thad for oty xe@) sz(“) :{x}, So
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