Homework 3 | Due May 24 (Friday) 1

1. For each of the first-order differential equations, decide whether it is linear or nonlinear.
If the equation is linear, state whether it is homogeneous or inhomogeneous.

(a) ¥ =ky
(b) ¥ = k(72 —y)
(c) v =y(d—y)
(d) v'=t+y
3y’ + 5y = 3cos 2t

2. Use the integrating factor method to find the general solution of the following differential
equations.
(a) 2y’ —3y =5
(b) ' + 2ty = 5t
(c) ty =4y +t*

3. Use the varation of parameters method to find the general solution of the following dif-
ferential equation. Then find the particular solution satisfying the given initial condition.

(a) ¥ —3y=4, y(0)=2
(b) ¥ +y=¢', y(0)=1
(c) v + 2ty =2t3, y(0) = —1.
4. Solve the differential equation 3’ = 2y + 4 four different ways:

(a) Undetermined coefficients (that is, y(t) = yn(t) + yp,(t))
(b) Integrating factor
)
)

(c

(d) Separation of variables.

Variation of parameters

5. Solve the following ODEs using the method of undetermined coefficients: That is, write
y(t) = yn(t)+y,(t), then solve the homogeneous equation, then guess a particular solution,
and add those together to get the general solution.

(a) y —2y =0
(b) ¥ —2y =10
(c) ¥y —2y=t
(d) y —2y=t>+1
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10.

(6)  — 2y = 4e¥
(f) v' — 2y = 5sin 3t

A tank contains 100 gal of pure water. A salt solution with concentration 3 1b/gal enters
the tank at a rate of 2 gal/min. Solution drains from the tank at a rate of 2 gal/min.
Sketch a picture of this situation, then without doing any math, determine the eventual
concentration of the salt solution in the tank (i.e., the steady-state solution).

A tank contains 100 gal of pure water. At time zero, a sugar-water solution containing
0.2 1Ib of sugar per gal enters the tank at a rate of 3 gal per minute. Simultaneously, a
drain is opened at the bottom of the tank allowing the sugar solution to leave the tank
at 3 gal per minute. Assume that the solution in the tank is kept perfectly mixed at all
time.

(a) What will be the sugar content in the tank after 20 minutes?
(b) How long will it take the sugar content in the tank to reach 15 1b?

(¢c) What will be the eventual sugar content in the tank?

. A tank contains 500 gal of a salt-water solution containing 0.05 1b of salt per gallon

of water. Pure water is poured into the tank and a drain at the bottom of the tank is
adjusted so as to keep the volume of solution in the tank constant. At what rate (gal/min)
should the water be poured into the tank to lower the salt concentration to 0.01 1b/gal of
water in under one hour (i.e., ¢ = 60 minutes)?

. A tank initially contains 100 gal of a salt-water solution containing 0.05 lb of salt for

each gallon of water. At time zero, pure water is poured into the tank at a rate of 2 gal
per minute. Simultaneously, a drain is opened at the bottom of the tank that allows the
salt-water solution to leave at a rate of 3 gal per minute. What will be the salt content
in the tank when precisely 50 gal of salt solution remain.

A murder victim is discovered at midnight at the temperature of the body is recorded

at 31°C, and it was discovered that the proportionality constant in Newton’s law was

k =1n(5/4). Assume that at midnight the surrounding air temperature A(t¢) is 0°C, and

is falling at a constant rate of 1°C per hour. At what time did the victim die? (Set

T'(t) = 37 and solve for ¢ — use a computer or calculator for this part.) [Hint: Letting
= 0 represent midnight will simplify your calculations.]

MthSc 208 | Differential Equations | Summer | 2013 | M. Macauley



