Homework 4 | Due July 19 (Friday) 1

1. Complete the following proofs that were skipped in lecture:
o
(a) In the proof of the ratio test, prove that r > 1 — Z a, = 00.

n=1

(b) In the proof of the root test, prove that o > 1 — Z ay = 00.

n=1

(¢) Prove that r < lim, ,__(a,)"™.

2. Determine convergence or divergence of the following infinite series:

(a) Zn:)’e’” (e) p(n)7 p(z) polynomial, a > 1
CLTL
n=1 n=1
— 3" lnn
(b) Z nl (f) T
n=1 n=2
= n! o0

3. Determine p,q € R for which the following infinite series converges:

o0 1 o0
a — a,b>0 b sinp)"
@ 3 Gy ) D)
. . = 27 n is even
4. Apply the root and ratio tests to the series Zl a,, where a, = { 9=+ is odd.
5. Give an example of a sequence {a,}22, such that
Z(azn_l + ay,) converges,  but Z a, diverges.
n=1 n=1

o
6. Let a, > 0 and Z a, < oo. For each of the following, either prove that the given series
n=1
converges, or give an example for which the series diverges.
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7. Prove the following trigonometric identities which were skipped in lecture.

n r_ 4+ Ly
(a) Z sin(kt)cos 2 ;,OS(:L 2) , Vte R\ {2mm}mez.
1 Sin 3
n . + l t - . i
(b) 3 cos(k ySmn o) =8Iy R f2rmds.

2sin
8. Prove or disprove (Compare these with Abel’s test):

(a) Let by — 0. Then Zak <00 = Zakbk < 0.
k=1 k=1

(b) Let by — b # 0. Then Zak <o — Zakbk < 0.
k=1 k=1

MthSc 454 | Advanced Calculus Il | Summer II, 2013 | M. Macauley and J. Brown



