
Homework 5 | Due July 26 (Friday) 1

1. Prove that both of the following series conditionally converge:

(a)
∞∑
n=1

(−1)n
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n
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n
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2. Suppose lim
n→∞

nan = A 6= 0. Prove that
∞∑
n=1

an diverges.

3. Determine the convergence/divergence of the following series:
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4. If
∞∑
n=1

an converges conditionally, prove there exist rearrangements a′n and ãn such that

∞∑
n=1

a′n =∞ and
∞∑
n=1

ãn = −∞ .

5. Prove the following:

(a)
∞∑
n=1

|an|2 <∞ and
∞∑
n=1

|bn|2 <∞ =⇒
∞∑
n=1

anbn converges absolutely.

(b)
∞∑
n=1

|an| <∞ and
∞∑
n=1

bn <∞ =⇒
∞∑
n=1

anbn converges absolutely.

6. Prove that `1 ( `2 ( `∞.

7. Prove that the following are normed linear spaces:

(a) (`p, || · ||p) for p = 1, 2,∞.

(b) (B[0, 1], || · ||∞), (R[0, 1], || · ||∞), (C[0, 1], || · ||∞).

8. Find the pointwise limit of each of the following sequences of functions:

(a) fn(x) =
sinnx

1 + nx
on [0,∞) (b) fn(x) = nxe−nx

2
on R.

9. Let fn : N→ R defined by fn(m) = n
m+n

. Show that lim
m→∞

lim
n→∞

fn(m) 6= lim
n→∞

lim
m→∞

fn(m) .
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