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Step functions

Definitions

Interval function: Hab(t) =


0, t < a

1, a ≤ t < b

0, b ≤ t <∞

Heavyside function: H(t) =

{
0, t < 0

1, t ≥ 0

Shifted Heavyside function: Hc(t) =

{
0, t < c

1, t ≥ c
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Writing step functions using Heavyside functions

Example 1

f (t) =

{
2t, 0 ≤ t < 1

2, t ≥ 1

Example 2

f (t) =


3, 0 ≤ t < 4

−5, 4 ≤ t < 6

e7−t , 6 ≤ t <∞
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Shifted functions

Key property

If L{f (t)} = F (s), then L{f (t − c)H(t − c)} = e−csF (s)
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Shifted functions: L{f (t − c)H(t − c)} = e−csF (s)

Examples

Compute L{(t − 3)2H(t − 3)}.

Compute L{t2H(t − 3)}.

Compute L{et−1H(t − 1)}.

Compute L{e7−tH(t − 6)}.
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Shifted functions: L{f (t − c)H(t − c)} = e−csF (s)

Example (revisited)

Compute the Laplace transform of f (t) =


3, 0 ≤ t < 4

−5, 4 ≤ t < 6

e7−t , 6 ≤ t <∞
.

Recall that f (t) = 3H(t)− 8H(t − 4) + 5H(t − 6) + e7−tH(t − 6).
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ODEs with piecewise forcing terms

Example

Solve the IVP: y ′′ + y = f (t), y(0) = 0, y ′(0) = 1, where f (t) =

{
2t, 0 ≤ t < 1

2, t ≥ 1
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