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Introduction

A different basis for the set of 2π-periodic functions

Recall that the set

B2π =

{
1√
2
, cos x , cos 2x , cos 3x , . . .

sin x , sin 2x , sin 3x , . . .

}

is a basis for P2π . Here is another basis:

B′2π =

{
1, e ix , e2ix , e3ix , . . .

e−ix , e−2ix , e−3ix , . . .

}
.

Moreover, this basis is orthonormal with respect to the inner product

〈f , g〉 :=
1

2π

∫ π

−π
f (x)g(x) dx .

M. Macauley (Clemson) Lecture 6.4: Complex Fourier series Differential Equations 2 / 7

mailto:macaule@clemson.edu


Formulas for the Fourier coefficients

Complex Fourier series

If f (x) is 2π-periodic, then it can be written as

f (x) =
∞∑

n=−∞
cne

inx = c0 +
∞∑
n=1

(cne
inx + c−ne

−inx )

where

c0 = 〈f (x), 1〉 =
1

2π

∫ π

−π
f (x) dx , cn = 〈f (x), e inx 〉 =

1

2π

∫ π

−π
f (x)e−inx dx .
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From the real to the complex Fourier series

Proposition

The complex Fourier coefficients of f (x) =
a0

2
+
∞∑
n=1

an cos nx + bn sin nx are

cn =
an − ibn

2
, c−n =

an + ibn

2
.
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From the complex to the real Fourier series

Proposition

The real Fourier coefficients of f (x) =
∞∑

n=−∞
cne

inx are

an = cn + c−n, bn = i(cn − c−n) .
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Computations

Example 1: square wave

Find the complex Fourier series of f (x) =

{
1, 0 ≤ x < π

−1, π ≤ x < 2π
are

M. Macauley (Clemson) Lecture 6.4: Complex Fourier series Differential Equations 6 / 7

mailto:macaule@clemson.edu


Computations

Example 2

Compute the complex Fourier series of the 2π-periodic extension of the function ex defined
on (−π, π].
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