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Motivating example

Exercise 1

2x =5 (mod 7)

Find all solutions to the system
3x =4 (mod 9)
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Motivating example

Exercise 2

=3 (mod 4)

Find all solutions to the system
=0 (mod 6)
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Number theory version

Chinese remainder theorem

Let m,...,nx € Z* be pairwise co-prime (that is, gcd(nj, nj) = 1 for i # j). For any
ai,...,ak € Z, the system
x=a1 (mod m)

x=a1 (mod m)

has a solution x € Z. Moreover, all solutions are congruent modulo N = niny - - - n.

’

This can be generalized. To see how, first recall the following operations on ideals:
1. Intersection: INJ={re R|re€landre J}.
2. Product: IJ=(ab|aecl, beJy={aibi+ ---+abc|aicl, bjecJ}CINJ.
3. Sum: I+J={a+blacl, be J}.

Example: R =7, | = (9) = 97, J = (6) = 6.
1. Intersection: (9) N (6) = (18) (lcm)
2. Product: (9)(6) = (54) (product)
3. Sum: (9) + (6) = (3) (gcd).
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Ring theory version

Note that ged(m, n) = 1 iff am + bn = 1 for some a, b € Z.

Or equivalently, (m) + (n) = Z.

Definition
Two ideals /, J of R are co-prime if | +J = R.

Chinese remainder theorem (2 ideals)
Let R have 1 and | + J = R. Then for any ri, » € R, the system

x=n (mod/)
r;  (mod J)

has a solution r € R. Moreover, any two solutions are congruent modulo / N J.

Recall that such a solution r € R satisfiesr —n €/l and r—n € J.
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Ring theory version

Chinese remainder theorem (2 ideals)

Let R have 1 and / + J = R. Then for any ri, » € R, the system

&

has a solution r € R. Moreover, any two solutions are congruent modulo / N J.

ri (mod /)
r,  (mod J)

Proof
Write 1 = a+ b, with a€ | and b € J, and set r = na+ nb.

O

y
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Ring theory version

Chinese remainder theorem

Let R have 1 and /i, ..., J, be pairwise co-prime ideals. Then for any ri,...,r, € R,
the system

x=n (mod h)

x=r (mod I,)

has a solution r € R. Moreover, any two solutions are congruent modulo /1 N --- N /.

4

Proof
n=1 Forj=2,...,n, write 1 = a; + bj, where a; € I, bj € [;. Then
1= (a2 + b2)(as + b3) - - (an + bn)
= a[(as+ b3) - (an + bn)] + b2[(a3 + b3) -+ (an + bn)] € h+TIlli=R.

Jj=2

x =1 (mod h)

Now apply the CRT for 2 ideals to the system
x=0 (mod ][, /)

Let s; € R be a solution.

.
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Ring theory version

Chinese remainder theorem

Let R have 1 and /..., J, be pairwise co-prime ideals. Then for any n,...,rn € R,
the system
x=n (mod )

x=r, (mod I,)

has a solution r € R. Moreover, any two solutions are congruent modulo /; N --- N /.

v

Proof (cont.)

n=k. Forj=1,...K...,n, write 1 = a; + b;, where a; € I, b; € I;. Then

1=(a+b) - (@] - (an+ b)) ek +[[ i =R
ik
x =1 (mod I)

Now apply the CRT for 2 ideals to the system
x=0 (mod [, /)

Let sk € R be a solution.
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Ring theory version

Chinese remainder theorem

Let R have 1 and ..., J, be pairwise co-prime ideals. Then for any ri,...,r, € R,
the system
x=n (mod h)

x=r (mod )

has a solution r € R. Moreover, any two solutions are congruent modulo /1 N --- N /.

4

Proof (cont.)

By construction, sy € (mod T[] /;), and so sk € [; for all j # k.
J#k

We have sy =1 (mod k) and sy =1 (mod ;) for j # k.

Set r = sy + -+ + rys,. It is easy to see that this works.

If s € R is another solution, then s =r; =r (mod [;), for j=1,...,n, and so

Ss=r mod ﬂlj
j=1

’
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Applications
When is Z,, isomorphic to a product?
Let R=7Z and [; = (m;), for j=1,...,n with gcd(m;, m;) =1 for i # j. Then

ho---0ly = (mmy---my), and Lmymy--my = Limy X -+ X L.

Corollary

Factor n = pfl ... pd into a product of distinct primes. Then

Zn 2Ly X - X Ly

Remark

If R is a Euclidean domain, then the proof of the CRT is constructive.
Specifically, we can use the Euclidean algorithm to write
Crmy + di H m; = ged (mk, H mj) =1, where [ = (mj).
7k 7k

Then, set sy = dk [[ mj, and r = risy + - - - + rysy is the solution.
J#k
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