
Bridge course (Algebra): Thursday July 25 1

Topic: Inner products.

Do: Answer the following questions. Assume that all matrices are over the field K = R.

1. Let X = R3, and define the inner product by
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Find the norm of the three unit basis vectors e1, e2, and e3, the angles between them,
and the orthogonal complements of the lines that they span.

2. Given a linear map A : X → X, the function f : X → X defined by f(x, y) = xTAy is an
inner product on X if A is symmetric and positive-definite.

(a) Find the matrix A that defines the following inner product:

f(x, y) = 3x1y1 − x1y2 − x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3 = xTAy.

(b) Find an orthonormal basis v1, v2, v3 of R3 so that with respect to this basis, f(z, w) =
zTDw for some diagonal matrix D.

(c) Write a formula for f(z, w) like in Part (b), but with respect to this new basis.

3. Let f and g be continuous functions on the interval [0, 1]. Prove the following inequalities.

(a)
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0
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f(t)2 dt
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g(t)2 dt

(b)
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.
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