Summer Bridge Course (Algebra): Monday July 27 1

Topics: Eigenvalues and eigenvectors.

Do: Answer the following questions.

Problem 1. Find the eigenvalues and eigenvectors for the following matrices:

10 1 0 100 1 Al

2 1 2 1 210 -4 A
A=10 0 -1 0] B=1101 2| Ja= .

4 0 -6 1 000 1 N

Problem 2. The characteristic polynomial of A is xa(t) = det(tI — A). Suppose this factors
as

Xa(t) = (E=A)(t=Az) - (E = An).
(i) Plug in t = 0 and find a formula for det A in terms of the eigenvalues of A.

(ii) The trace of A, denoted tr A, is the sum of the diagonal entries, which is also equal to
the sum of the eigenvalues. If A is 2 x 2, then

A= [Z Z} has det(t] — A) = t* — (a +d)t + (ad — bc).

Write a formula for the characteristic polynomial of a 2 X 2 matrix in terms of det A
and tr A.

(iii) Suppose A is an 1 x n matrix with characteristic polynomial xa (t) = t" + ¢, 1" +
-+ 4 c1t + cg. Describe det A and tr A in terms of the ¢;’s.

(iv) Explain why AB — BA = I is impossible for n x n matrices.

Problem 3. Suppose A is a 3 x 3 matrix with eigenvalues 0, 3, and 5, with respective
eigenvectors u, v, and w.

(i) Give a basis for the nullspace and a basis for the column space.
(ii) Find a particular solution to Ax = v 4+ w. Then, find all solutions.

(iii) Explain why Ax = u has no solution.
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