Homework 8 | Due March 15 (Thursday) 1

1. Consider the function f(z) = L — x defined on the interval [—L, L] and extended to be
2 L-periodic.
(a) Sketch f(z) on the interval [—-7L,7L].
(b) Compute the complex Fourier series of f(x).
(c¢) Find the real Fourier series of f(x). [Hint: Use a,, = ¢, +¢_,, and b, = i(c, —c_,).]
(d) Sketch the Fourier series of f(x). [It will be the same as the answer to Part (a)

except at the points of discontinuity.]

2. Consider the 2m-periodic function defined on [—m, 7| by

0 —m <t<0,
f(t)_{t 0<t<m,

(a) Sketch the graph of f(t) on [—7m, 7.
(b) Compute the complex Fourier series of f(t).
(c) Solve the differential equation x”(t) + wixz(t) = f(t). Look for a particular solution

of the form .
z,y(t) = Z cne™ .

3. Consider the function defined by
f(z) =22 for —mr <z <.
and extended to be periodic of period T = 2.
(a) Find the complex form Fourier series of f(x). Feel free to use a computer to find the
indefinite integral [ %™ du.

(b) Find the real form of the Fourier series.

oo

(c) Use Part (b), along with the real version of Parseval’s identity to compute Z

n=1

1

ﬁ.
4. Consider the 2m-periodic function f defined on [—m, 7] by f(x) = |z|.

(a) What is f(m)?
(b) Compute the Fourier series of f.

o0

1

(c) Plug x = 7 into the Fourier series and use this to compute Z m
n

n=0
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5. Consider a complex Fourier series

f(l’): i Cneinfrz/L’

Prove the complex version of Parseval’s identity, which says that

1 [F >

op | U@dr= 3"

n=—oo

Observe that this is in a sense an infinite-dimensional version of the Pythagorean theorem,
because

IR = tff) =57 [ (P de= 30 cim 30 e,

n=—oo n=—oo
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