MthSc 434 (Spring 2012)

Midterm 1

MthSc 434: Advanced Engineering Mathematics (Spring 2012)

Midterm 1
February 21, 2012

Instructions
e Exam time is 75 minutes

¢ You may not use notes or books.

o Calculators are not allowed.

e Show your work. Partial credit will be given.

Question | Points Earned | Maximum Points
1 16

2 8

3 8

4 10

5 8

Total 50

Student to your left:

Student to your right:
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1. Find the general solution to the following differential equations:
(a) ¥ — 2y = 10cost

() = Ce™
*({_) = o Cos 4 ¢+ L s &

3‘;(*)—-_«&.»\ tel cas
P(“j) M- —aSit+8cos € - Z(a cos t +4 g.a -t-): ]O cas €

(~20+b)Cas t ¢ (-a=2D) sta t = (Dest + O sm ¢

~2a 5 = (D -  G= -9, L=7
-an-6 =0

=> 3“)‘\%(‘(')*‘1,,(-1—) ‘;Ceu'-‘tCa&tf"Zs:‘n +
(b) ¥"+9y=0

5&)-’0\ cos It +b sia 24
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(c) By —2y=0
Gwess 5((—) - "
‘j“(ﬂ - F(F.Otr‘—l.
P\uo s r‘(r—Dtr.—'Z'(‘r‘—'O

S (20 = Ea)r-2) =0 = red 2

Yo =C e« (et

(d) ¥ +5y + 6y =12¢'+6
MeeSetb s P+ (c+3) <O
Yuld) = C et Cqe™
Y0 =ae®+b
Yo ()= ae®
Y ()= ae®
Play an: (a¢*+ 9) “Soet 4 bre by =12et 10
[ 2aetebbs |2eteh <5 a=t, b=

Y= Yul® + Yl = C et eCe L pte
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2. Suppose we have a tank containing 150 gallons of solution with an unknown salt concentration.
Suppose water with a salt concentration of 3 oz/gal flows in at a rate of 2 gal/min, and water (fully
mixed) drains from the tank at a rate of 1 gal/min. We wish to determine the salt content z(t) at
any point in time. Recall that we can do this by writing an ODE:

z'(t) = (rate in) — (rate out) .
= (flow rate in)(incoming concentration) — (flow rate out)(outgoing concentration)
z(t) oz
150 + ¢ gal

= (2 gal/min)(3 oz/gal) — (1 gal/min)
z(t).

All that is left is solving for z(t).
(a) Sketch this physical situation.

1

=6-Te0+¢

(b) Solve the related homogeneous equation, zj, = —ﬁ—tmh.

L

-
- —

dt I1s0+€ Fn

dN:_J\ 44

Xn {50+t

Rxy E In % * *]"(lyo**\*fl—]

~lr\(/§'()-*{:) C

. e = C (QI,\ mz+f>“l

C
\SO ¢
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(c) Using your physical intuition alone, find a simple particular solution, z,(t). [Hint: Consider the -
situation when there is initially just the right amount of salt so that the salt concentration of
the water in the tank never changes.] '

Vol =150 + ¢
{'F He ratod solution hq) Xp(o) = 94350 o ur S«—Lf‘/

Hen e corwnteatoom w_a‘“ be & MS‘G\AJ" 3 dg/gv(
Qr M, A #ho Cax&-)

X,(\‘)‘f@}’fe) V‘a"‘( (ﬂ =‘ 4 (h”a-f'(') = ’-(S"O“'_{ \

(d) Find the general solﬁtiox_l of this differential equation.

X(€) = ?(,‘(‘ﬂ“'xp(f) = {_(L(fof£§

[50+t
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3. (a) Carefully define what it means for a set V' to be‘a vector space over R.

A st V o & vecor sprce owee R SF it U

% clotad wrder addition: V)u§v -~ vtwe /.

v clowd witer seadar muldobiatom: vel cell =D cve v

(b) Carefully define what a means for a differential equation to be linear, and homogeneous. Give
a complete but concise summary about what we’ve learned regarding the structure of the set of
solutions to n*® order linear differential equations (both homogeneous and inhomogeneous).

Ara 0D & Lase oF it tan e writln o

Galt) 4" .o Go® w'() + &, y'l) « 2, () (8= F .

. H s me%m,u; N )C(*é) = 0,
N TL\, Sd‘ a*r 50(.Q+e"M.S \E-) @ {!\Mkt 6O E 'y an
o-dimunind vecke Spae i€ e 008 {5 bpmegineras

GI/LJ TN I\~0Q(\!V‘€AJ¢'MJ ﬂgﬁ(\e Spn ca ."c O‘E ':.S

'\'\"MQQWWS’
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4ty + 6y = 0, assume that the solution has the form

" 4. To solve the differential equation y” + t%y"

y(t) = Z ant™.

n=0

(a) Plug y(t) back into the ODE and determine the recurrence relation for the coefficients of the

power series.
t = A~y
gt =Z, ala-yent

-

Yy ‘,. a.t" yo=2 nat""

P(wﬁ "M’
2 n(A..Qa,\ -L—t 2 n(n-)a, t Z L[r\a,\f ‘*2 Ga  t™ =0

Azo AT

f“\ip* \‘w
P
had (4"
2 (n+ DA )0y, :

N=-o

A0

CUV\S:M tems
Z @.“'13(!\1»\) Apga + (h’" 5‘(\{.4\0"‘]%'\ -0

AT O

" - (I\—'Z)(/\-"S)
AT n+2) (A« D)

s
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(b) Explictly compute @, in terms of ag and a; for n < 5. How many linear independent polynomial
solutions are there to this ODE (i.e., up to scalar multiples)? Briefly justify your answer:

Fx ag: 4= ~EDED . a3, )
2- 1 -
q% - Oqz_:o (4-.:1-\
Fu\ @, - q3 = ~(\‘“\(‘z) a, = \-lz o, (n-:()
2.2
_ _ - =2
Gg = Oa> =0 )

Thare Cre "t'k_.io \:‘«m(-:) NLW' pOL\oMM\"‘—Q o L*-('“"“ 3 >

Letaime N, =@, =% = .-- =0 ot

T(Nf) Sre fﬂo(f): A, \Bao x©

f

a,(1-x?)

1]

cod g, = ax-3aX = G (x-4x?)

(c) Write down an explicit basis for the solution space.
T {
- = U3

(N‘r(e: Thiy ™eeny +o e W solution ¥

YO = B[ 1-xD) « 6, fx-Ax>). )
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5. The following differential equation is called Bessel’s equation:

1
2y +tyf + (- Py =0.

- It is elementary (albeit a bit messy) to show that -—1-2 cost and % sint are both solutions. Use this
knowledge to find the general solution of this differential equation.

\5(-(—)'- C, J—\-{_C»s'( + C, 17'_‘{5""{

Now, consider a more complicated equation:
1 1
2y +ty' + (8% — Z)y = (- Z) .

Determine if this equation has a steady-state (constant) solution. Also, find the general solution.
Explain your reasoning.

St j(:O L &1_%!)3 = {"L~-E( .

C(.Lr,\r'l- 3(’(’) ‘.‘-.l |k3 & }olu"‘iM .

Y

Gemed sola: Y= Yo+ 4p¥)= C, 7t t ¢ oy Smt ¢
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