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The occasionally dishonest casino

3 canonical questions

Given a sequence of roles by the casino:

WWWLWLWLWLWWLWWLLLWWWWLWWLWWLWLWLLLWLWWLLWWLWLWLLWWLLLWLWWWWLWLWWWWL
one may ask:

1. Evaluation: How likely is this sequence given our model?
2. Decoding: When was the casino rolling the fair vs. the unfair die?
3.

Learning: Can we deduce the probability parameters if we didn’t know them? (e.g.,
“how loaded are the die?”, and “how often does the casino switch?")
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Problem #1: Evaluation

For CpG identification, we need the posterior probabilities P(w:=k | x), for each k € Q and
t=1,2,...,4. By Bayes' theorem,
P(X, Tt = k)

P(re = k| x) = )

We can compute P(x, m+ = k) recursively:

P(x, me=k) = P(xix2 -+ x¢t, m=k) - P(Xep1Xeq2 - - Xp | X1x2 + +» X¢, 7t =k)
= P(X1X2 e Xty 7'(':/() . P(Xt+1Xt+2 e Xy ‘ ﬂ't:k)
— f(0) - (D).

The forward-backward algorithm
Given an emitted sequence x = x1x2x3 - -+ xg, we will use the
m forward algorithm to compute f(t): the probability of getting x = x1xox3 - - - x¢ and
ending up in state k.

m backward algorithm to compute b;(t): the probability of observing x;41 - - xg from
state k.

It is also straightforwrd to compute P(x) using either of these algorithms.
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The forward algorithm

Example. Compute P(x), for x = LWW.

Forward algorithm

1. Initialize (t = 0): Set fg(0) = 1, and f;(0), for all j € Q.

2. Recursion: do for t =1,2,...,¢:
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t=3

for each k € Q, define fi(t) := ex(xt) Z fi(t — Dajy

3. Termination: Set P(x) = Z fi(0).
ke@
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The forward algorithm
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fu(l) = P()<1=L7 7'&'1=U) = fB(O) -apy * eu(L) =1
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fp(l) = P(X1=L, 7T1=F) = fB(O) - dBF e,c(L) =1-
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The forward algorithm 0.7 0.6
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t=2:  fp(2) = Paxe=LW, m=F) = fp(1) - apr - ep(W) + fu(1) - aur - ep(W)

= 312 +(3)(49)2 ~0.1578.
fr(1) - apu - eu(W) + fy(1) - apy - eu(W)
= 2(:3)(:4) + (.:3)(.6)(:4) = 0.092.
t=2: fe(3) = P(axoxs=LWW, m3=F) = fe(2) - arr - er (W) + fy(2) - ayr - ep(W)
(.1578)(.7)3 + (.092)(.4) % ~ .0982.
fu(3) = P(xixo=LWW, m3=U) = fe(2)-ary - ey(W) + fy(2) - ayy - ey(W)
=( 1578)( 3)(.4) + (.092)(.6)(.4) ~ 0.0410.

A x) = x = WW) = 0 0410 = .1392.
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Backward algorithm and b;(¢)

1. Initialize (t = €): Set by (¢) =1 for all j € Q.
2. Recursion: do fort =¢—1,...,2,1:

for each j € Q, bj(t): = P(xtqy1xe42- - X¢ | me=J)

Z P(megr1=k | me=J) - ex(Xe41) - P(Xeq2 -+ - xp | we41=k)
ke@Q

= Z ajkek(le)bk(tJr 1).
ke@Q

3. Termination: Set P(x) = apek(x1)bi(1).
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The backward algorithm
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=3 be(3) =1, byd)=1.
=2 br(2) = aprer(W)bE(3) + arueu(W)bu(3) = (7)2 + (3)(4) = % ~ 05866,
bu(2) = aurer(W)br(3) + auueu(W)by(3) = (4)2 + (6)(4) = £ ~ 0.5067.
=1 br(1) = aprer(W)br(2) + apyeu(W)by(2) = (.7)5 - 42 + (:3)(-4) 3 ~ 0.3346.
)=

bu(2) = aurer(W)br(2) + ayyeu(W)by(2) = (4)5 - 42 + (.6)(4) 32 ~ 0.2780.
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The forward-backward algorithm

Example. Compute P(x), for x = LWW.
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P(r1=F = LWW) = ~ 0.4006
= Plm=F | xwex ) P(x) 1392
fr(1)bp(1)  (:3)(.2780
B P(m=U | xpxox3 = LWW) = F(Dbr(1)  (3)(:2780)  soqq
P(x) 1392
fe(1)br(1 .1578)(.5866
B P(my=F | xpxox3 = LWW) = F(br(1)  (1578)(:5866) _ cerg
P(x) 1392
fr()bp(1)  (.092)(.5067
B P(m=U | xixox3 = LWW) = F(bE(L)  (092)(5067) 3349
P(x) 1392
fr(1)be(1 .0982)(1
B P(m3=F | xpoxs=LWW) = F(Dbe() | (0982)Q) 4 7055
P(x) 1392
fe(1)be(1 041)(1
B P(m3=U | xyxox3 = LWW) = F(DbE(1)  (08D() 4 rgg5
P(x) 1392
WSt 4500 SprnE 2017

9/12


mailto:macaule@clemson.edu

Decoding and the Viterbi algorithm

Problem #2: Decoding

Given an observed path x = x3x2x3 - - - x¢, what is the most likely hidden path
T = wymem3 - - - Ty to emit x? That is, compute

Tmax = arg max P(m|x) = arg max P(x, )
™ us

Assume that for each j € Q, we've computed 775 - - - mr—a7m—1 of highest probability among
those emitting xyx2 - -« x¢—1.

Denote the probability of this path by

W= = e, Pl =dxen),

Then, for each k € Q, say emitting x1x2 -« « x¢:

v (t) = . P(mi—1 = k,x¢) = rjneeg{vj(t — Dajer(xe)} = ex(xt) rjneag{vj(t — Daj}.
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Decoding and the Viterbi algorithm

Viterbi algorithm
1. Initialize (t = 0): Set vg(0) = 1, and v;(0), for all j € Q.
2. Recursion: do for t =1,2,...,¢:

for each k € Q, define vy (t) := ex(x¢) m:g({vj(t — Daj}
je

Also, set ptr, (t) = r = arg max;{v;(t — 1)aj}.

3. Termination: Set P(x,7*) = max P(x, ) = mag({vj-(ﬁ)}, and ptr, () = 7.
T Jje

The maximum probability path can be found by tracing back through the pointers.
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Decoding and the Viterbi algorithm
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ve(l) = max P(mi=F, xy=L) = max{vg(0) - agr - er(L)} = 1- % .

1_1
3 6°

Vu(l) = n:ralax P(ﬂ'l = U7 X1 :L) = max{vB(O) -apy - eU(L)} =1- %(6) =0.3.
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