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Variation of parameters for non-systems
Variation of parameters is a “last resort” method for finding a particular solution, y,(t).
First order ODE: y’ + p(t)y = f(t)
(i) Solve y; + p(t)yn = 0: get y(t) = Cyi(t) = Ce~ J P},

(if) Find a particular solution of the form

yolt) = vitha(t) = &= S PO [ f(e)el o0 %t

Second order ODE: y” + p(t)y’ + q(t)y = f(t)
(i) Solve y;" + p(t)y, + q(t)yn = 0: get y(t) = Cryi(t) + Coya(t).
(if) Find a particular solution of the form
Yo(t) = va(t)ya(t) + va(t)y2(t)-
It turns out that

vi(t) :/ —y2(t)f(t) dt va(t) :/ yi(t)f(t)dt

yi(t)y3(t) — y{(t)ya(t)’ yi(t)ys(t) — y{(t)y2(t)

These methods always work, assuming that you can find y,(t), and evaluate the integrals.

M. Macauley (Clemson) Lecture 4.9: Variation of parameters for systems Differential Equations

2/6


mailto:macaule@clemson.edu

Variation of parameters for systems

2 x 2 system: x'(t) = A(t)x(t) + b(t)

(i) Solve x; = Axj: get

xp(t) = Cixi(t) + Gxo(t) = G {Xll(t)} + G [’Ql(f)} _ {Xn(t) X21(t)] [2] _

X12(t) X22(t) X12(t) X22(t)

Xp(t)C

(ii) Find a particular solution of the form x,(t) = X, (t)v(t):

xo(£) = vi(E)x1(£)+va(£)3a(£) = i (£) |:X11(t):|+V2(t) {le(t)} _ [Xn(t) le(f)] [Vl(t)] )

X12(t) Xzz(t) Xlz(t) Xzz(t) Vz(t)

Xp(t)v(t)
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A specific example

Example 1

Solve the initial value problem x' = B :g:| X + {lg;:gst t], x(0) = {140]
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A general example

Example 2
Solve y” + p(t)y’ + q(t)y = f(t) by turning it into a 2 X 2 system first. J
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Summary
The variation of parameters method finds a particular solution of an ODE, of the form:

(i) yp(t) = v(t)y1(t) (st order)
(i) yp(t) = va(t)y1(t) + vo(t)y2(t) (2nd order)
(i) xp(t) = Xn(t)v(t) (n x n system).

We saw here that x,(t) = X(£)v(£) = Xa(t) / X1 (1)b(t) dt.

A second order ODE y” + p(t)y’ + q(t)y = f(t) can be written as a system by setting
x1=y, x2 =y, toget

= Lto —sto] 2] L)

X —q(t) —p(t)] [x ()]

m This is the only way we know how to find a particular solution of a non-automonous
ODE, e.g., x’ = Ax + b(t).

m This method also works if A(t) is non-constant, assuming that we can actually find
xp(t) = Cixi(t) + Coxo(t).
m Such a solution is only defined where the Wronskian

Remarks

W)t = der [10 O o Wi (o), (o] = see 410 20

|

is non-zero. )
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