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Motivation

We've seen how ODE models can incorporate the following features:

m bistability,

dilution of protein concentation due to cellular growth,

degradation (or decay) of protein concentration,

time-delays due to cellular processes.

In this section, we'll see how Boolean models can incorporate these as well.
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Bistability in Boolean networks

For bistability to exist, we need to be able to describe three levels of lactose: high, medium,
and low.

In a Boolean network framework, one way to do this is to add variable(s).

Medium levels of lactose

Introduce a new variable L, meaning “at least medium levels” of lactose. Clearly, L =1
implies L, = 1.

m High lactose: L =1, L, = 1.
m Medium lactose: L =0, L, = 1.
m Low lactose levels: L =0, L, = 0.

We can ignore any state for which L =1, L,, = 0.

Since B-galactosidase converts lactose into allolactose, it makes sense to add a variable A,
to differentiate between high, medium, and low levels of allolactose.

It's not necessary, but we will also introduce R, so we can speak of medium levels of the
repressor protein.
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A Boolean network model of the /ac operon

Consider the following Boolean network model, which was published in Veliz-Cuba / Stigler

(2011).

M = mRNA

P = lac permease

B = [3-galactosidase

C = cAMP-CAP complex
R = repressor protein

L = lactose

A = allolactose

G = glucose

Comments

m The shaded region represents the cell.
m Circles denote variables, and squares denote parameters.
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m The subscript e denotes extracellular concentrations.

m The subscript m denotes medium concentration.

fiy=RARnAC

fo=M
fo=M

fc = Ge
fr=ANAAn

fr, = (AAAm) v R
fa=LAB

fa, =Lv Ly

fL:@P/\Le

fl, = Ge A ((Lem A P) v Le)
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Analyzing our Boolean network

Now, we need to find the fixed point(s) for all six possible parameter vectors, (Ge, Le, Lem).
We can disregard the cases where L = 1 and Lep = 0.
Here are several (freely available) ways we can analyze systems like this:

m Use the BoolNet package in R to compute the fixed points, limit cycles, or plot the

phase space. (Lots of capabilities.)

m Use a computer algebra package (Singular, Macaulay2, Sage) to convert the functions
into polynomials, and compute the fixed points using Grobner bases.

m Use Cyclone in AlgoRun to nicely visualize the phase space with the nodes labeled as
Boolean strings. (Need to convert to polynomials first.)

m Use the GINsim (Gene Interaction Network simulation) software to compute the fixed
points and visualize the phase space.

All of these have their advantages and disadvantages.
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Fixed point analysis and bistability

Here is the phase space with (Ge, Le, Lem) = (0,0, 1), generated with BoolNet.

M. Macauley (Clemson)

> print(getBasinOfAttraction(lacAttractorsBistable,2))

State
1101001001
1111001001
1101000101
1111000101
1101001101

1111001101 =

Genes are encoded in the following order: M P B C R Rm A Am L Lm

Next state Attr.
1111000101
1111000101
1111000101
1111000101
1111000101
1111000101

Advanced features in BNs

basin
2

NNNNN

# trans. to attr.
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Fixed point analysis and bistability

Computing the fixed point(s) for the other 5 initial conditions is an easy task for a computer.

(Ge, Le, Lem) M| P|B|C|R|Rn|A|An | L | Ly | operon
(1,0,0)
(1,0,1) 0 0 0 0 1 1 0 0 0 0 OFF
(1,1,1)
(0,0,0) 0 0 0 1 1 1 0 0 0 0 OFF
(0,1,1) 1 1 1 1 0 0 1 1 1 1 ON
(0,0,1) 0 0 0 1 1 1 0 0 0 0 OFF
1 1 1 1 0 0 0 1 0 1 ON

Suppose glucose or lactose are both absent (Le = Lem = Ge =0), so the operon is OFF:
(M7 P7 B7 C7 R’ Rm’A)Ama L7 Lm) = (07070’ 17 17 1a07070’ 0)

Now, let's change Lem from O to 1, increasing lactose to medium. This is in the basin of the
“low"” bistable fixed point, so the operon remains OFF.

Conversely, suppose lactose concentration is high (Le = Lem=1), and so the operon is ON:
(M7 P7 B7 C7 R7 Rm7A7 AITH L7 Lm) = (17 17 17 170707 07 1707 1)

Now, let’s change L. from 1 to O, reducing lactose levels to medium. This is in the basin of
the “high” bistable fixed point, so the operon remains ON.
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Dilution and degradation
Suppose Y regulates the production of X.

Assume Y(t) = 1 implies X(t + 1) = 1. (activation takes 1 step).
Generally, the loss of X due to dilution and degradation takes several steps.

Introduce new variables Xold(l)v Xold(2)7 ey Xold(n)'

Properties
(i) If Y(t) =0and X(t) =1, then X,4(1)(t + 1) = 1. ("X has been reduced once by
dilution & degradation.”)

(i) If Y(t) = 0 and Xgq(i—1)(t) = 1, then Xqq¢jy(t + 1) = 1. ("X has been reduced i
times by dilution & degradation.”)

(iii) The number of “old” variables is determined by the number of timesteps required to
reduce [X] below the discretation threshold.

Thus, X(t + 1) = 1 when either of the following holds:

m Y(t) =1 (new amount will be produced by t + 1),

m X(t) A Xold(n) (t) = 1 (previous amounts of X still available).
X(t+1) = Y(8) v (X(8) A Xoa(n) ()
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Time delays

Cellular processes such as transcription and translation are not instantaneous.
Time delays

Suppose R regulates production of X, delayed by time 7 (n steps).

Introduce new variables Ry, Ry, ..., R,, with transition functions:

Ri(t+1) = R(t)
Ro(t+1) = Ri(t)
R3(t+1) = Rx(t)

Rn(t + 1) = Ro—1(t)
X(t+1) = Ra(t)
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Estimating constants for our Boolean model

3-variable ODE model of the /ac operon (Yildirim and Mackey, 2004)

Let M(t) = mRNA, B(t) = B-galactosidase, and A(t) = allolactose (concentrations),

respectively.

am

1+ Ki(em*™™MA,)" ~
— = apm — —wmM
dt K + Ki(e FTM Az, )"

dB _ ~

gl KB M, — BB

dA L A

8 e N — FAA
oy ey

We need to estimate these rate constants and time delays from the literature.

m Time delays: 7y = .10 min, 75 = 2.00 min.

m Degradtion rates are harder to determine experimentally, and they vary widely in the
literaure. Sample values:

M. Macauley (Clemson)

~vg = .00083 min~1,
m = 411 min~1,
€ (.0045, .0347)

~a = .52 min~!,  .0135 min—!, .00018 min~!
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Estimating constants for our Boolean model

Approach
We'll select “middle of range” estimates for the rate constants:
® u=.03 min1,

m y4 = .014 min—?!

_— YA = YA + p = .044,

® 5 = .001 min~! — Y6 = 7B + p = .031,

m Yy = 411 min—1 - Y =Ym + p = .441.
Degradation is assumed to be exponential decay: x’ = —kx implies x(t) = Ce™*t.

The half-life is the time t such that:

x(t)=CeM=5C = e"M=5 = —kt=In}

Half-lives

m hy '5‘71 = 15.753 (approx. 1 time-step to decay)

E

[ ] EE = 'W’LB = 22.360 (approx. 2 time-steps to decay)

u i;;, = % =15 (approx. 0 time-steps to decay)
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A Boolean model incorporating dilution and degradation

Model assumptions
m Variables are M, B, A.

m Glucose absent. Intracellular lactose present, two parameters: L and Lp,.
m Time-step ~ 12 min.
m Ignore (all « 12): 7y = .10 min, 75 = 2 min, im = 1.572 min.

m Introduce variables for dilution and degradation:
m Ay (since ha~158~1 timestep)

= Bod, Bogz)  (since hp ~22.4~2 timesteps)

Proposed model

fM =A fB =Myv <B A Bold(2))
fA=(B/\Lm)\/L\/(A/\r.|d/\E) fgold(1)=WAB
fags = (BvIm) AT) A A a2y = M A Bg(a)

Most of the functions should be self-explanatory.
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A Boolean model incorporating dilution and degradation
Justification for f4
a=(BALﬂvLV(AAEJA§)

There are 3 ways for allolactose to be available at t + 1:
(i) B-galactosidase and at least medium levels of lactose are present;
(ii) high levels of lactose (assume basal concentrations of 3-galactosidase);

(iii) Enough allolactose is present so that it's not degraded below the threshold, and no
[3-galactosidase is present.

Let's write our model into polynomials form, with parameters (L, L) and variables
(x1, %2, X3, x4, x5, %6) = (M, A, Acid, B, Bola(1) Bold(2)):

fu=A =

fa=(BALm)vLiv <A A Aod A E) £ = xo(1+x3)(1+xa) + (Lmxa+L+x4LLm)
+x2(14+x3)(1+xa)(Lmxa+ L+xalLlm)

fagg = ((Evm) /\Z) AnA f3=(14+xslm)(1+ L)x2

fB:MV(BAm> fa = x1 4+ xa(1 + x6) + x1xa(1 + x6)

fBoId(l) =MAaAB fs = (1+ x1)xa

fBoId(Z) = M A Bog(1) fo = (1 + x1)x5
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Using M2 and Cyclone to compute the fixed points (low lactose)

Let's use:

m M2 to convert our Boolean functions into polynomials, with parameters (L, L) =(0,0)

m Cyclone to compute the phase space.

input

1 # Low lactose: (L,Lm)=(0,0)

2 NUMBER OF VARTABLES: 6
3 NUMBER OF STATES : 2
4
R = 22/2[M,A,Al,B,B1,B2]; 5 M=A
I = ideal(M“2-M,A"2-A,A1"2-Al1,B"2-B,B1%2-B1,B2°2-B2); 6 A = A*AL*B+A*AL+A*B+A
Q = R/I; 7 =
8 B = M*B*B2+M*B+B*B2+MsB
L=020; 9 Bl = M*B:B
Im = 0_0; 10 B2 = M*B1+B1
1
RingElement | RingElement :=(x,y)->X+y+x*y;
RingElement & RingElement X,¥)->X*y;

M = A;

fA = (B & Lm)
£AL = (((1+B)
fB =M | (B &
£B1 = (14M) &
£82 = (1+M) &
(£M, £A, £Al,

| L | (A& (1+Al) & (14B));
| (14Lm)) & (1+L)) & A;
(1+B2));

B;

Bl;

summary  visualization statespace

Number of cycles (components): 1

1
2
3 COMPONENT #1:

4 component size: 64
5

6

7

fixed point: [0 0 0 @ 0 0]

The phase space has a unique basin of attraction with fixed point

(M, A, Asids B, Boid(1), Bold(2)) = (x1, %2, X3, xa, x5, %) = (0,0,0,0,0,0).

This is exactly what we expected: the lac operon is OFF.
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Using M2 and Cyclone to compute the fixed points (high lactose)

Let's use:

m M2 to convert our Boolean functions into polynomials, with parameters (L, L) =(1,1)

m Cyclone to compute the phase space.

R
1
Q = R/I;

L=10;
Im = 1.0;

RingElement |

RingElement &

£M = A;

fA = (B & Lm)

£1 = (((
£fB =M |
£B1
£B2

(£M, fa,

1+B)
(B &

(1) &
(14M) &

£a1,

= 22/2[M,A,Al,B,B1,B2];
ideal(M“2-M,A"2-A,A1"2-A1,B"2-B,B1"2-B1,B2"°2-B2) ;

RingElement
RingElement :

X, Y)=>XHyHR*Y;
(X,y)->x*y;

| L | (A& (14Al) & (14B));
| (1+1m)) & (1+L)) & A;
(1+82));

B;

B1;

£B, £B1, £B2)

e

input

ESocw~vounswne

summary  visualization statespace
# High lactose: (L,Lm)=(1,1) 1 Number of cycles (components): 1
NUMBER OF VARIABLES: 6
NUMBER OF STATES : 2 COMPONENT #1:
component size: 64
M=A fixed point: [1101
A=1
AL =
B = M*B*B2+M¥B+B*B2+MsB
Bl = M*B+B
B2 = M*B1+B1

Mol moncouPTTOn

The phase space has a unique basin of attraction with fixed point

(M, A, Aq, B, Bold(l): Bold(2)) = (x1,%2,x3,%, %5, %) = (1,1,0,1,0,0)

This is exactly what we expected: the /lac operon is ON.
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Using M2 and Cyclone to compute the fixed points (medium lactose)

Let's do this one more time but with with parameters (L, L) =(0,1)

input summary  visualization  statespace
1 # Medium lactose: (L,Lm)=(0,1) 1 Number of cycles (components): 2
2 NUMBER OF VARIABLES: 6 2
3 NUMBER OF STATES : 2 COMPONENT #1:
4 component size: 8
R = 22/2[M,A,Al,B,B1,B2]; 5 fixed point: [0 00 0 0 0]
I = ideal(M“2-M,A"2-A,A1%2-A1,B*2-B,B1°2-B1,B2"2-B2); 6 *AL*B+A*AL+AYB+AE
Q= R/1; 7 A*B+A COMPONENT #2:
8 *B*B2+M*B+B*B2+M+B. component
9 Bl = MB:B 9 fixed poi
10 B2 = M*B1+B1
1

RingElement | RingElement :=(x,y)->X+y+x*y;
RingElement & RingElement :=(x,y)->X*y;

L | (A& (1+Al) & (1+B));
| (1#Im)) & (14L)) & A;
(1+82));
B;
£82 = (1+M) & B1;

The phase space has two basins of attraction, each with a fixed point:

(M, A, A, B, Bold(1)7 Bold(Z)) = (x1, %2, x3,%, x5,%) = (0,0,0,0,0,0), and (1,1,0,1,0,0).
Do you see how these are encoded in the following Grober basis of (fi + x; | i =1,...,6)?

(B2 Bl A1l A+B M+B )
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Fixed points of our model and bistability

Here is a table showing the fixed points of our model, depending on whether extracellular
lactose levels are low, medium, or high.

Inducer level L) Lm M | B | Bog) | Bodz) | A | Aoid operon
Low lactose 0 0 0 0 0 0 0 0 OFF
High lactose 1 1 1 1 0 0 1 0 ON
Medium lactose 0 1 0 0 0 0 0 0 OFF
Medium lactose || 0 1 1 1 0 0 1 0 ON

Suppose lactose concentration is low (L = Ly, = 0), and so the operon is OFF. The current
state is

(M, A, Aolde’BoId(l)v Bold(Z)) = (x1,%2,x3,%, %5, %) = (0,0,0,0,0,0),

Now, let's change L, from 0 to 1, increasing the lactose level to medium. We are now in the
3rd fixed point above, and so the operon is still OFF.

Conversely, suppose lactose concentration is high (L = L, = 1), and so the operon is ON.
The current state is

(M, A, Ao, B, Bold(l)v Bold(Z)) (x1, %2, X3, %4, x5, %) = (1,1,0,1,0,0),

Now, let's change L from 1 to 0, reducing the lactose level to medium. This takes us to the
4th fixed point above, and so the operon is still ON.
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A Boolean model incorporating dilution & degradation, and time-delays
Instead of the a “middle value” (.135 min~1), let's choose the high estimate y4 = .52 min—1.

This makes the half-life of A (which was ha = 15.753) much smaller:

ha = 1n2 _ 1260, %:%:22.360 hy=n2_15

YA ™

In this case, let's choose a much smaller time-step (e.g., t = 1 min).

1

We can no longer ignore all of the time-delays, so we introduce the following new variables:

m M, M; to model the delayed effect (by 78 = 2 min) of mRNA on the production of

[-galactosidase.

m A; to model the delayed action of A on the production of mRNA by 7y = .1 min.

We will use the following new variables to model dilution & degradation:

m Mgq since fﬂﬁ\;, = 1.5 is approximately 1 time-step.
m Agq since I’;,; = 1.26 is approximately 1 time-step.

® Byg(1), Bold(2) since loss of S-galactosidase is slower.

Remark

We really should use more variables, e.g., Boa(1)s Bold(2); - - - » Bold(22) to accurately track the
loss of [-galactosidase. However, we will argue shortly why this won't matter.
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A Boolean model incorporating dilution & degradation, and time-delays

Proposed model

fm = A1 v (M A Myg)

i, =M
vy, = My
Mo =A A M

fa=(BALm)vLv(ArAy AB)

B (1)

fp

old (2)

(B A Bold(2))

=M, A B

= Mz A Byg (1)

(BVH)/\Z)/\A

Analysis of the long-term behavior of this model leads to similar results as the previous one.

Lactose L Lm M M1 M2 Mold B Bold(l) Bold(2) A A1 Aold

Low 0 0 0 0 0 0 0 0 0 0 0 0

High 1 1 1 1 1 0 1 0 0 1 1 0

Medium 0 1 0 0 0 0 0 0 0 0 0 0

Medium 0 1 1 1 1 0 1 0 0 1 1 0
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A Boolean version of the 5-variable ODE model
5-variable ODE model (Yildirim and Mackey, 2004)

Let M(t) = mRNA, B(t) = B-galactosidase, A(t) = allolactose, P(t) = lac permease,
L(t) = lactose (concentrations). Extracellular lactose (Le) is a parameter.

dMm 1+ Ki(e #™MA,,)" ~

— = + o —yuM

dt MK+ Ki(e—rmAL, ) 0T M

dB _ .

E = ape MTBMTB —’yBB

dA L A

L e aAB———— — BaAB—— —FAA

gt~ OB T T PABR A T A

dP

E = aPeiu(TB+TP)MTB+7‘P - %P

dL L L L

— =qP—"— — B P —asB — L

dt KLe + Ls KLe + L K[_ + L

We'll use the same estimates for degradation and delay constants as in the 3-variable model:

w=.03 min"1, Ta =+ p = .044, B =+ u=.031, A =y + p =441

New degradation constants estimated at ; = 0.0 min—!, and vp = .65 min—!. Delay
constant estimate is 7p = .83 min.

We need a new parameter to help distinguish high vs. medium extracellular lactose: Lem.
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A Boolean version of the 5-variable ODE model

Model assumptions

m Variables are M, B, A, P, L.

Glucose absent. Extracellular lactose present, two parameters: L. and Lep.

u
m Ignore time-delays (Yildirim and Mackey showed that they do not affect bistability).
u

Time-step &~ 12 min.

Ignore (all « 12): 7y = .10 min, 75 = 2 min, im = 1.572 min.
Introduce dilution & degradation variables: Agq, Boid, Lolds Pold-

Proposed model

fu=Av (MA M)

fMold=Z/\M fBId—W/\B
fA=(B/\L)\/(L/\Le)V(A/\m/\E> fP=M\/(PA%>
onld=(§vZ)A(ZvE>/\A fpold=WAP

fi=((PALem) v L) v ((LATaa) A (BAP)) £

M. Macauley (Clemson)
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A Boolean model incorporating dilution and degradation
Justification for fx
fa=(BAL)v(LALe)vV (A/\m/\g)

There are 3 ways for allolactose to be available at t + 1:

(i) B-galactosidase and lactose are present.

(ii) Internal lactose is present and the concentration of extracellular lacatose is high. This
ensures that by time t + 1, intracellular lactose concentration is high enough to find
available trace amounts of B-galactosidase.

(iii) The concentration of allolactose is high enough that it won't be reduced below the
threshold due to dilution & degradation, or to conversion (by 3-galactosidase) to
glucose & galctose.

Justification for f;
fi=((P A Lem) v L) v ((L ATod) A (B A ﬁ))

There are 3 ways for intracellular lactose to be available at t + 1:
(i) Lac permease and extracellular lactose are available.
(ii) There are high levels of extracellular lactose available (even if lac permease level is low).

(iii) There is enough lactose in the cell that it won't be lost to dilution & degradaton,
transport out, or conversion into allolactose (by 8-galactosidase).

M. Macauley (Clemson) Advanced features in BNs Math 4500, Spring 2022 22/23


mailto:macaule@clemson.edu

A Boolean model incorporating dilution and degradation

Model:
fu = Av (M A Myg) fB=Mv(BA@)
Mo =AAM fBoa =MaAB
fA=(BAL)v(LALe)v(AAmA§) fp=Mv(PAﬁ)
onId=<§vZ)/\(ZvE)AA fpold=W/\P

fi = ((P A Lem) v Le) v ((LAQ)A(BAE) fi, = (ﬁvg)AE)AL

Fixed points:
Ext. Lactose Le | Lem M| Myg | B| Bod | A | Aoid | L | Log | P | Poud
Low 0 0 0 0 0 0 0 0 0 0 0 0
High 1 1 1 0 1 0 1 0 1 0 1 0
Medium 0 1 0 0 0 0 0 0 0 0 0 0
Medium 0 1 1 0 1 0 1 0 1 0 1 0
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