
Homework 6 | Due March 3 (Friday) 1

1. The group G = SL2(Z3) is solvable with derived length 3. This means that it can be
constructed as a sequence of abelian extensions. Moreover, this can be done two ways:

From “top-to-bottom”: G = G0 �G1 �G2 �G3 = 〈1〉.
From “bottom-to-top”: 〈1〉 = G3 �G2 �G1 �G0 = G.

These extensions can be encoded by short exact sequences, as shown below.

G′′′=C1

G′′=C2

C3 C3 C3 C3

C4 C4 C4

C6 C6 C6 C6

G′=Q8

G=SL2(Z3)
1 Q8 SL2(Z3) C3 1

1 C2 Q8 V4 1

1 1 C2 C2 1

1 C3 C3 1 1

1 V4 A4 C3 1

1 C2 SL2(Z3) A4 1

Carry out this construction for the symmetric group G = S4, which has derived length 3.

2. For both of the following groups G shown below, find all compositions series (up to
isomorphism) and the composition factors. Then repeat the previous exercise, and find
the abelianization of G.

D3×C4

D6 C12 Dic6

C4×C2 C4×C2 C4×C2

D3 D3 C6

V4 V4 V4 C4 C4 C4 C4

C3

C2 C2 C2 C2 C2 C2 C2

C1
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Q8 o C9

Q8 × C3

C18C18C18C18

C12C12C12

C9C9C9C9
Q8

C6

C4C4C4

C3

C2

C1

Order = 72
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3. Given a group G, prove the following elementary properties about its commutator sub-
group, G′ = 〈xyx−1y−1 | x, y ∈ G〉.

(a) G′ �G and G/G′ is abelian.

(b) If G′ ≤ H ≤ G, then H �G.

(c) If N �G, then N ′ �G.

(d) If N �G, then G/N is abelian if and only if G′ �N .

(e) If φ : G1 → G2 is a homomorphism, then

φ([h, k]) = [φ(h), φ(k)] and φ([H,K]) = [φ(H), φ(K)],

for all h, k ∈ G1, and H,K ≤ G1.
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