
Supplemental material for Math 4130, HW 9

#1: The subfield lattice of Q( 8
√

2, ζ) = Q( 8
√

2, i), the splitting field of f(x) =

x8 − 2, where ζ = e2πi/8.

Q

〈r2, s〉 〈r〉 〈r2, rs〉

〈r4, s〉 〈r2s, r4〉 〈r2〉 〈rs〉 〈r3s〉

〈r4〉〈s〉 〈r4s〉 〈r2s〉 〈r6s〉

Q( 8
√

2, ζ)



#2(a): The action graph of the Galois group

Gal(x5 − 2) = 〈ρ, σ | ρ5 = 1, σ4 = 1, ρσ = σρ3〉 ∼= AGL2(Z5),

acting on the set S of roots of the polynomial f(x) = x5 − 2. This is the
automorphism group of its splitting field Q( 5

√
2, ζ), where{

ρ : 5
√

2 7−→ ζ 5
√

2
ρ : ζ 7−→ ζ

{
σ : 5
√

2 7−→ 5
√

2
σ : ζ 7−→ ζ2,

where ζ = e2πi/5, a primitive 5th root of unity.
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#2(b): The subfield lattice of Q( 5
√

2, ζ), for ζ = e2πi/5, where each field fixes
the corresponding subgroup of Gal(x5 − 2) in its subgroup lattice.

Q

〈s2,t〉

〈t〉

〈s〉 〈st〉 〈s3t〉 〈ts〉 〈ts3〉

〈s2〉 〈ts2〉 〈sts〉 〈s2t2〉 〈s2t〉

Q( 5
√

2, ζ)



#3(a): The action graph of the Galois group

Gal(x6 − 2) = 〈ρ, σ | ρ6 = 1, σ2 = 1, ρσ = σρ5〉 ∼= D6,

acting on the set S of roots of the polynomial f(x) = x6 − 2. This is the
automorphism group of its splitting field Q( 6

√
2, ζ), where{

ρ : 6
√

2 7−→ ζ 6
√

2
ρ : ζ 7−→ ζ

{
σ : 6
√

2 7−→ 6
√

2

σ : ζ 7−→ ζ5 = ζ,

where ζ = e2πi/6, a primitive 6th root of unity.
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#3(b): The subfield lattice of Q( 6
√

2, ζ), for ζ = e2πi/6, where each field fixes
the corresponding subgroup of Gal(x6 − 2) in its subgroup lattice.


