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The occasionally dishonest casino

3 canonical questions

Given a sequence of roles by the casino:

WWWLWLWLWLWWLWWLLLWWWWLWWLWWLWLWLLLWLWWLLWWLWLWLLWWLLLWLWWWWLWLWWWWL
one may ask:

1. Evaluation: How likely is this sequence given our model?
2. Decoding: When was the casino rolling the fair vs. the unfair die?
3.

Learning: Can we deduce the probability parameters if we didn’t know them? (e.g.,
“how loaded are the die?”, and “how often does the casino switch?")
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Problem #1: Evaluation

For CpG identification, we need the posterior probabilities P(w:=k | x), for each k € Q and
t=1,2,...,4. By Bayes' theorem,
P(X, Tt = k)

P(re = k| x) = P00

We can compute P(x, m+ = k) recursively:

P(x, me=k) = P(xix2 -+ x¢, m=k) - P(Xep1Xeq42 -+ Xp | X1x2 + -+ X¢, 7t = k)
= P(X1X2'~~Xt7 7'(':/() . P(Xt+1Xt+2"'Xg ‘ ﬂ't:k)
f(t) - bi(t).

The forward-backward algorithm

Given an emitted sequence x = x1x2x3 - - - xg, we will use the
m forward algorithm to compute fi(t): the probability of getting x = x1xox3 - - - x¢ and
ending up in state k.

m backward algorithm to compute b;(t): the probability of observing x;41 - - - x¢ from
state k.

It is also straightforwrd to compute P(x) using either of these algorithms.
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Forward algorithm
1. Initialize (t = 0): Set fg(0) = 1, and f;(0), for all j € Q.
2. Recursion: do for t =1,2,...,¢:

for each k € Q, define fi(t) := ex(xt) Z fi(t —1)aj
jeQ

3. Termination: Set P(x) = Z i (0).
ke@
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The forward algorithm
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Example. Compute P(x), for x = LWW.
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t=0. fg(0) =1, f(0)=0, fy(0)=0.

E. fp(1)=P(X1=L, 7r1=F)=fB(0)~aBp-ep(L)=1-

fu(l) = P()<1=L7 7'&'1=U) = fB(O) apy eu(L) =1
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The forward algorithm 0.7 0.6
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t=2:  fp(2) = Paxe=LW, m=F) = fp(1) - apr - ep(W) + fu(1) - aur - ep(W)

=312 +(3)(4)2 ~0.1578.
fu(2) = P(xixo=LW, mo=U) = fe(1) - ary - ey(W) + fy(1) - ayy - ey(W)
= 2(.3)(4) + (:3)(.6)(:4) = 0.092.
fr(3) = P(xixoxs=LWW, m3=F) = fg(2) - arr - er(W) + fu(2) - aur - er(W)
= (.1578)(.7)3 + (.092)(.4)% ~ .0982.
fu(3) = P(xixo=LWW, m3=U) = fe(2)-ary - ey(W) + fy(2) - ayy - eu(W)
= (.1578)(.3)(.4) + (.092)(.6)(.4) ~ 0.0410.
Now P p VW) = ~ 0082 + 0410 = 1392
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Backward algorithm and b;(¢)

1. Initialize (t = €): Set by (¢) =1 for all j € Q.
2. Recursion: do fort =¢—1,...,2,1:

for each j€ Q, bj(t) : = P(Xtqy1xt42---X¢ | T =])

D P(mepr=k | me=j) - ex(xes1) - P(xer2- - xe | mer1=5k)
keQ

= Z ajkek(le)bk(t ar 1).
ke@

3. Termination: Set P(x) = apkek(x1)bk(1).
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The backward algorithm

Example. Compute P(x), for x = LWW.
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t=3. bF(3) bu(3) =1
t=2.  br(2) = aprer(W)br(3) + apueu(W)by(3) =
by(2) = ayrer(W)br(3) + ayueu(W)by(3) =
t=1. br(1) = aprer(W)br(2) + apyey(W)by(2) =
by(2) = ayrer(W)br(2) + ayyeu(W)by(2) =
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The forward-backward algorithm

0.7 0.6
o,
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Example. Compute P(x), for x = LWW. L 1§3 - MZ: g.:
Fair 4 Unfair
fr(1)be(1 1/6)(.3346
m P(mi=F | xixox3 =LWW) = F(1)br(1) x (1/6)( ) ~ 0.4006
P(x) 1392
fr(1)be(1 .3)(.2780
B P(m=U | xpxox3 = LWW) = FDbe() | (3)(:2780) 91

P(m=F | xixox3 = LWW) =

P(m=U | xixox3=LWW) =

m P(m3=F | xixox3 =LWW) =

P(m3=U | xixox3 =LWW) =

P(x) 1392

fe(Dbe(1)  (1578)(5866) o oo

P(x) 1392

fe(Dbe(1)  (092)(5067) o ooy

P(x) 1392
fr(1)be(1)  (.0982)(1)

~ ~ 0.7055
P(x) 11392

fe(br()  (04DA) 0 ooas.

P(x) .1392
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Decoding and the Viterbi algorithm

Problem #2: Decoding

Given an observed path x = x3x2x3 - - - x¢, what is the most likely hidden path
T = mwymems3 - - - Ty to emit x? That is, compute

Tmax = arg max P(7|x) = arg max P(x, )
™ ™

Assume that for each j € Q, we've computed 775 - - - mr—pm—1 of highest probability among
those emitting xyx2 - - - X¢—1.

Denote the probability of this path by

vi(t—1) = ponax P(me—1 = j, xt—1)-

Then, for each k € Q, say emitting x1x2 - - - x¢:

v (t) = . P(mi—1 = k,x¢) = rjneeg{vj(t — Dajeer(xe)} = ex(xt) r}&z-g({vj(t — L)ay}-
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Decoding and the Viterbi algorithm

Viterbi algorithm
1. Initialize (t = 0): Set vg(0) = 1, and v;(0), for all j € Q.
2. Recursion: do for t =1,2,...,¢:

for each k € Q, define vy (t) := ex(xt) m:g({vj(t — Daj}
je

Also, set ptr, (t) = r = arg max;{v;(t — 1)aj}.

3. Termination: Set P(x,7*) = max P(x,7) = mag({\/j(l)}, and ptr, (¢) = 7.
T Jje

The maximum probability path can be found by tracing back through the pointers.
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Decoding and the Viterbi algorithm
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Example. Given x = LWW, what is the W: 2/3 /_3\ W 04
most likely path m = mymom3? L1383l =~ _—| L06
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t=0 t=1

t=3
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ve(l) = max P(mi=F, xi=L) = max{vg(0) - apr - ep(L)} = 1-

1.1_1
2 3 6°
Vu(l) = max :‘3(7'('1=U7 X1=L) = max{vB(O) -apy - eU(L)} =1- 5(6) =0.3
T

M. Macauley (Clemson) Hidden Markov models and dynamic programming

Math 4500, Spring 2022

12 /12


mailto:macaule@clemson.edu

