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Abelian groups
Definition
A group G is abelian if ab = ba for all a,b € G. J

Remark J

To check that G is abelian, it suffices to only check that ab = ba for all pairs of generators.

It is easy to check whether a group is abelian from either its Cayley graph or Cayley table.
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Direct products
An easy way to construct finite abelian groups is by taking direct products of cyclic groups.
This is an operation that can be done on any collection of groups.
For two groups, A and B, the Cartesian product is the set
AxB={(ab)|acA be B}.
Definition

The direct product of groups A and B is the set A X B, and the group operation is done
component-wise: if (a, b), (¢, d) € A x B, then

(a, b) * (c, d) = (ac, bd).

We call A and B the factors.

The binary operations on A and B could be different. For example, in Dy X Zy:
(rf,3) % (r3, 1) = (rfr®, 1+ 3) = (r?,0).
These do not commute because

(r3, 1) % (rf,3) = (F3rf, 3+ 1) = (,0).
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Direct products of cyclic groups
The direct product of Z, and Z,, consists of the set of ordered pairs,
ZnxZm={(a,b)|a€Zy b€ Lm}.

The binary operation is modulo n in the first component, and modulo m in the second
component. In other words,

(31, b1) + (32, b2) = (21 + a» (mod n), by + by (mod m))

Here are two examples:

Zig X Zp Zo X Zp X Zp = Lights

Though V4 = Zs X Zo, we will usually write V4 = G, x G, since we write Vi multiplicatively.
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Direct products of cyclic groups

Sometimes, the direct product of cyclic groups is “secretly cyclic.”

wi@h.®
O 0—0

Here is another example:
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Direct products of cyclic groups

Proposition
Zn X Zm = Zpm if and only if ged(n, m) = 1.

Proof
“<=": Suppose gcd(n, m) = 1. We claim that (1,1) € Z, X Zn has order nm.

[(1,1)] is the smallest k such that “(k, k) = (0,0).” This happens iff n | kK and m | k.

Thus, k = lem(n, m) = nm. v

@

Zg X L3 = 7o

Aacauley (Clemson) Lecture 2.4: Abelian groups


mailto:macaule@clemson.edu

Direct products of cyclic groups

Proposition
Zn X Zm = Zpm if and only if ged(n, m) = 1.

Proof (cont.)

"=": Suppose Zn X Zm X Lpm. Then Z, X Zn has an element of order nm.

For convenience, we'll switch to “multiplicative
notation”, and write C, x Cn = ((a, b)).

Clearly, (a) = C, and (b) = Cp. Let's look at a
Cayley graph for C, x Cp,.

The order of (a, b) must be a multiple of n (the
number of rows), and of m (the number of
columns).

By definition, this is the least common multiple of
nand m.

But |(a, b)] = nm, and so lem(n, m) = nm. Therefore, ged(n, m) = 1.

O

y
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Caveat: cycle graphs need not be unique!
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The fundamental theorem of finite abelian groups
Classification (two different versions)

Every finite abelian group A is isomorphic to a direct product of cyclic groups

ALy X Ly X -+ X Ly, for some ki, ko, ..., km € N, where

m k= plq’, for a prime p; and d; € N, (“prime powers"), or

m k; is a multiple of ki1, (“elementary divisors")

Example

Up to isomorphism, there are 6 abelian groups of order 200 = 23 - 52:

by “prime-powers” by “elementary divisors”
Zg X Zos Z200

Za X Zp X Zos Z100 X Zz

Zp X Zo X Lo X Los Zso X Lo X Lo

Zg X Zs X Zs Zigo X Zs

Za X Lo X Zs X Zs Zo X Z10

Do X Lo X Lo X Zs X Ls Zyo X Zyo X Lo
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The fundamental theorem of finitely generated abelian groups

The classification theorem for finitely generated abelian groups is not much different.

Theorem
Every finitely generated abelian group A is isomorphic to a direct product of cyclic groups,
i.e., for some integers ni, no, ..., Nm,

AXZ X - XL XZLpy XLpy X -+ X Lppy
N————

k copies

where each n; is a prime power, i.e., nj = pfj’, where p; is prime and d; € N.

In other words, A is isomorphic to a (multiplicative) group with presentation:
A={a ak, r rm | r" =1, ajaj = aja;, rir; = rjr;, ajr; = rja;)
- 1oeees SRS TR m | I, =1L, didj = djdj, Iilj =TI, djlj = Tjdj,.

Non-finitely generated abelian groups that we are familiar with include:
m The rational numbers, QQ, under addition
m The real numbers, R, under addition
m The complex numbers, C, under addition
m all of these (with 0 removed) under multiplication: Q*, R*, and C*.

m the positive versions of these under multiplication: Q*, Rt (but not C*).
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Other abelian groups

It is clear that Z < Q < R < C. However, there are many more subgroups of C than these.
Most of the following are actually rings: additive groups also closed under multiplication.
We'll study these more later.

Definition

The Gaussian integers are the complex numbers of the form

Zlil={a+bi|abeZ}.

We'll see Z[v/—m] and others when we encounter rings of algebraic integers.

The set of polynomials in x “over the integers’ is a group under addition, denoted
ZIx] = {anx"+ -+ aix+a | a; € Z}.
We can also look at certain subgroups, like the polynomials of degree < n.

Polynomials can be defined in multiple variables, like

Zlx,y] = {Zagxiyj | aj € Z, all but finitely many aj; = 0},

or over a finite ring such as Zj,.

ey (Clemson) Lecture 2.4: Abelian groups Visual Algebra 11/11


mailto:macaule@clemson.edu

