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The conjugacy class of a subgroup

Proposition

Conjugation is an equivalence relation on the set of subgroups of G.
v

Proof

We need to show that conjugacy is reflexive, symmetric, and transitive.
v

m Reflexive: eHe ™! = H.
m Symmetric: Suppose H is conjugate to K, by aHa=! = K. Then K is conjugate to H:

alKa=al(aHa 1)a=H. v
m Transitive: Suppose aHa~! = K and bKb~! = L. Then H is conjugate to L:

(ba)H(ba)™! = b(aHa 1)b~! = bKb™! = L. v

Definition
The set of all subgroups conjugate to H is its conjugacy class, denoted

cg(H) = {gHg™* | g € G}.
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“Reducing” subgroup lattices

Sometimes it is convenient to collapse conjugacy classes into single nodes in the lattice.

Left-subscripts denote size. We call this a subgroup diagram. It need not be a lattice.

Index = 60 As Order = 60
5 5As4 12

6 5Ds 10

10 10S3 6

12 5Cs 5

15 5 Vs 4

20 10G3 3

30 15C 2

60 G 1

By inspection, we see this group is simple (its only normal subgroups are G and {e}).
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The subgroup diagram of a giant group

Index = 1

174

348

7482

14878
14964
15051

29756
30102

44634

60204

89268

215731
431462

647193
862924
1294386

2588772

PSLa(Z173)

174€173% Cgg

174C173 1 Cag

1740173

174C173
1505186

15051C86 15051043 15051 D43

15051 Ca3

21573144

215731V4

15051 €2

G
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Order = 2588772

14878 g7
14878 Cg7
14878 D29
14878 C29
43146203
14878 €3

14878

7439

346

174
172

87
86

58

43

29
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Subgroup diagrams of dihedral groups
Subgroup diagrams can reveal patterns that are hidden in the subgroup lattices.

Here are the subgroup diagrams of the dihedral groups. (Note that D, = V,.)

Dis
Dg Ds Cie Ds
Da Da Cs Dy 2Dy Cs 2D4
D> D» Cy D> 2Do Ca 2Ds 4D> Cy 1Do
@ G G 5 Co G 5Co e G e s G G He
G G G G
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Subgroup diagrams of quaternion groups

Subgroup diagrams can reveal patterns that are hidden in the subgroup lattices.

Here are the subgroup diagrams of the generalized quaternion groups. What do you

Qs

Cy Gy (@

G
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Q32

>Qi6

1Qs

5Ca

notice?

Qo4

G Qa2
Cis  2Qi6

Cs 4 Qs

(@ sCa

G

G
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Revisiting Az
The normalizer of each subgroup consists of the elements in the blue left cosets.

Here, take a = (123), x = (12)(34), z = (13)(24), and b = (234).

(14)(23) (142)  (143)
(124)  (234) (143) (132) (124)  (234) | (143) (132) (13)(24) (243)  (124)
(123)  (243) (142) (134) (123)  (243) | (142) (134) (12)(34) (134)  (234)
e (12)(34) (13)(24) (14)(23) e (12)(34) | (13)(24) (14)(23) e (123)  (132)
[As: Na,(N)] =1 [As: Na, (K)] =3 [As: Na,(H)] =4
“normal” “moderately unnormal” “fully unnormal”
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Revisiting Az

Index =1 [: " \) o
3 - (\/((12)(34), (13)(24)) =N ) )
4 \/\/ﬁ:<(1za)> ((24)) ((134)) (34) 0 ;
6 BN N ‘13(14)(12)» ((13)(24)) <(12)(34))>:K:> .
: ( /<e>\ \,‘ 1

Observations
m A subgroup is normal if its conjugacy class has size 1.
m The size of a conjugacy class tells us how close to being normal a subgroup is.

m For our “three favorite subgroups of Az":
1 1 1

|CIA4(N)|:1:WV |C|A4(K)}:3: W‘ |CIA4(H)|:4:WA(I—/)
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The number of conjugate subgroups

Theorem

For any subgroup H < G, the size of its conjugacy class is the index of its normalizer:

|clg(H)| = [G : No(H)].

Ng(H)  aNg(H) bNg(H) zNg(H)

H aH bH s zH

conjugating H by
anything in this [G: Ng(H)] cosets
coset of Ng(H) ...

L X<] ®a ob ... ez
S~ N
.. .yields this - -m T T TTTTTTTTS Tl
conjugate subgroup ‘- H ~ aHa™'  bHb™! v zZHzTLD |l (H)| subgroups
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The number of conjugate subgroups

Theorem
Let H < G with [G : H] = n < co. Then

#eltsxe G _ 1
# elts x € G for which xH = Hx = DegZ(H)’

|clg(H)| =[G : Ng(H)] =

That is, H has exactly [G : Ng(H)] conjugate subgroups.

G = Ng(N) G
m
n Ng(K)
n/m
N B K xekog e xmKgl ) )
normal moderately unnormal fully unnormal
|clg(N)| =1 1< |eg(K)| < [G:K] | clg(H)| =[G : H]; as large as possible
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The “fan” of conjugate subgroups

The set of conjugate subgroups to H < G “looks like a fan in the lattice’.

However not all such “fans” comprise a single conjugacy class.

Big idea

m a “wide fan” means the subgroup is “very unnormal”, and has a smaller normalizer.

®m a “narrow fan"” means the subgroup is “closer to normal”, and has a larger normalizer

The following says that “the base of a fan is always normal.”

Proposition (exercise)

For any H < G, the intersection of all conjugates is normal: N := ﬂ xHx 1< G.

xeG

1 X

N <—  This subgroup must be normal

This places strong restrictions on the lattice structure of any simple group!
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The second smallest nonabelian simple group

Index = 1 GL3(Z2) Order = 168
7 754 754 24

8 5Cr X G 21
14 7As 7A4 12
21 21Dq 8
24 5 Gy 7
28 2853 6
42 201Gy 7Va 7Va 4
56 25 C3 3
84 21 G 2
168 1 1
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The third smallest nonabelian simple group

Index = 1 As Order = 360
6 6As 5As 60
10 10CEXNG 36
15 1554 1554 24
20 103X S3 18
30 15A4 15A4 12
36 3605 10
40 10C2 9
45 45 D4 8
60 6053 6053 6
72 36Cs 5
90 15Cy 15 Va 15 Va 4
120 20C3 200G 3
180 45 Co 2
360 Ci 1
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The 715" smallest nonabelian simple group

Index = 1

174

348

7482

14878
14964
15051

29756
30102

44634

60204

89268

215731
431462

647193
862924
1294386

2588772

PSLa(Z173)

174€173% Cgg

174C173 1 Cag

1740173

174C173
1505186

15051C86 15051043 15051 D43

15051 Ca3

21573144

215731V4

15051 €2

G
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