section 19

19.3 We will use induction to prove each formula holds for all n > 1.

(a) Basis step: When n = 1, the sum on the left goes from 1 to3-1—-2 =1

and so equals 1. The right hand side is @ = % = 1, as required.

Induction hypothesis: Assume the formula holds for n = k:

—1
1+4+7+---+(3k—2)=k(3k2)

We want to show the formula holds for n = k£ + 1:

[k+1](3[k+1] —1)
2

1+4+7+-+@k+1]-2)=

or

kE+1)(3k+2
1+4+7+--~+(3k+1):< i >; 2

Observe that 1 +4 47+ --- 4+ (3k —2) + (3k + 1)

= 1+44+7+---+Bk—-2)]+Bk+1)
k(3k —1
= (32) + (3k + 1), by the induction hypothesis
(3k* — k) + (6k+2)  3k* + 5k +2
2 B 2
(k+1)(3k + 2)
2

Therefore by the principle of mathematical induction, the formula holds
for all n > 1.

(b) Basis step: When n = 1, the sum on the left goes from 1 to 1*> =1 and

so equals 1. The right hand side is 12422 = % = 1, as required.
Induction hypothesis: Assume the formula holds for n = k:
k2 (k +1)?
13+23+33+---+k3:(4+)

We want to show the formula holds for n = k£ + 1:

(k+1)%(k + 2)?
4

P+22 434+ (k+1)° =



Observe that 13 +23 + 3% + .- + k3 + (b +1)3

= [P+2+3B B+ (k1)
— W + (k+ 1)3, by the induction hypothesis
(K* + 2k3 + k%) + 4(K® + 3k + 3k + 1)
k* + 6k + 13k + f% +4
(k* + 2k + 1;1(l<:2 + 4k + 4)
(k+1)*(k +Z§)2
4

Therefore by the principle of mathematical induction, the formula holds

for all n > 1.
1

(d) Basis step: When n = 1, the sum on the left has the one term - =

1.2

The right hand side is 1 — 5 = 1 — 5 = 3, as required,

Induction hypothesis: Assume the formula holds for n = k:

1 1 1 1 1

P S R
12 23 3T T e k1

We want to show the formula holds for n = k£ + 1:

LS S S 1 . 1
1-2 2-3 3-4 (k+1)(k+2) — k+2
1 1 1 1
Ob that
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12 2.3 3.4 kEk+1)]  (k+1)(k+2)
1 1
=1 + , by the induction hypothesis

Ck+1 0 (1) (k+2)

B 1_1[1_ 1 }_1_1[“1]_1_1
B k+1 k+2)] = k+1lk+2)] T k+2

1

5

Therefore by the principle of mathematical induction, the formula holds

for all n > 1.



19.4 We will use induction to prove each inequality holds for all n > 1.

(a) Basis step: When n = 1, the left hand side is 2! = 2 and the right hand
sideis 22 —2° —1=4—1—1 =2, so the base case holds: 2 < 2.
Induction hypothesis: Assume the inequality holds for n = k:

2k < 2k+1 . 2k—1 o 1
We want to show the inequality holds for n = k + 1:
2k+1 < 2k+2 . 2k -1

Observe that

2k+1 — 2 . 2k
< 2(2Ft — 2571 1), by the induction hypothesis
_ (2k+2_2k_2):(2/€+2_2/€_1)_1
S <2k+2 - 2k o 1)

Therefore by the principle of mathematical induction, the inequality
holds for all n > 1.

(c) Basis step: When n = 1, the sum on the left is 14+ 1 = 2. The right
hand side is 1 + % = %, so the base case holds: % > %
Induction hypothesis: Assume the inequality holds for n = k:
1%_},+_},+_1<+...+_;£:> 1%_51
2 3 4 2k — 2
We want to show the inequality holds for n = k + 1:

1+1+1+1+ + ! >1-|~k1le
2 3 4 2k+1 =
1 1

1 1
Ob that 1+ -+—-+-+--- 4+ ——
serve tha +2+3+4+ +2k+1

= _1+1+1+1+ +1]+[ L + L +o L
2 3 4 ok ok 1 2k 42 ok+1

_1+k_+[ Loy b
I 2] [28+1  2F 42 2k+1
'1 k7 1
-l ot g
r k7 1 k1 1 k+1
- [reale () = gt
_+2_Jr 2k+1 +2+2 + 2

3

v

, by the induction hypothesis

+ +

v

2k+1 2k+1




Therefore by the principle of mathematical induction, the inequality
holds for all n > 1.



