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For the symmetric system below
. —-20 12 x(t)
a 12 5 y(t)

o) = [

@ Find the characteristic equation

@ Find the general solution

@ Solve the IVP
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@ The characteristic equation is

w([b2] [ B3] -

B r+20 —12
0 - det([ -2 r_5D
= (r+20)(r—5)—144
r? + 15r — 244

@ Thus

@ Hence, eigenvalues or roots of the characteristic equation are
rn=9.83 and r, = —24.83.
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@ For eigenvalue r; = 9.83, substitute the value into
r+20 -12 Vi N 20.83 —12 Vi
—-12 r—-5 Vs —12 4.83 Vs
@ Picking the top row, we get 29.83V; — 12V, = 0 implying

Vo = 6.18V;.
@ Letting Vi = a, we find V; = a and V, = 6.18a: so

=[] = o[

° Leta=1/||[1 6.18] |l = 1/6.26 = .16 and choose the unit

eigenvector
1 .16
B = 016 [ 6.18 ] - { .99 }
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@ So one of the solutions is

x(t) _ 9.83t _ | -16 | ogg3t
[ yi(t) } = b= [ 9 | €
@ For eigenvalue r, = —24.83, substitute the value into

r+20 -—12 Vi N —4.83 —12 Vi

—-12 r-5 %23 —12 —29.83 %23

@ Picking the top row, we get —4.83V;, — 29.83V, = 0 implying
Vo = —.16V4.

@ Letting V1 = b, we find V1 = b and V, = —.16b: so

=[] = ol )
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o Letb=1/||[1 —.16] T|| =1/1.01 = .99 and choose the unit

eigenvector
1 .99
£ = 9 { —.16 } B { —.16 }

o Note < Ey, E, >= (.16)(.99) + (.99)(—.16) = 0.

@ So the other solution is

x2(t) _ —20.83t _ 99 | 2083t
[yz(t)] _ e _[_.16 o~ 2983t
@ The general solution
x(t) 9.83t —29.83t
= AE e +BEe
[ y(t) } ! 2

_ .16 9.83t -99 —29.83t
= A{.gg]e +B| _6|°
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@ Find A and B: use the ICs.
X(O) o — o 16 0 99 0
{y(O)} - [ 2 _A{.gg} +B[—.16 ¢
+ B

4| o] [:?Ze}

E E) {g]:[ ‘ﬂ;s[sf E7) [E E] [g]:[sf E]] [_21]
CREE

o LettigD=[-1 2]", A=< E;,D > and B=< E;, D >.
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The coefficient matrix is

—-20 12
A = { 12 5 }

and the eigenvalues of A are A\; = 9.83 and A\, = —29.83. Then we know
if

P = [El Ez]
then

T a0 B A O T
PAP_[O)\2:>A_PO)\2P

Let

a0 _ T
AN = [0 )\J:>A—P/\P
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]
A = <PI\PT) (P/\PT) = P/\(PTP>/\PT
= PANPT
A® = (PI\PT) <A2> = (PI\PT) (P/\2PT> = PI\(PTP)AZPT
= PAPT

@ It is easy to see by POMI that A" = PA"PT.

@ Recall for the scalar t, At = tA simply multiplies each entry of A by
the number t. Hence, from the above we have A"t = PA"PT ¢,

@ Consider

_ A O T, A O Eiit Eppt _ At 0 T
At_P|:0 /\2:|P t_P|: :||:E21t E22t:|_P|:O /\2t1|P



MATH 4530: Analysis One
Writing The Solution Another Way

@ Thus,

B At 0 Eii Epp
At=P { 0 X f} {521 Ezz}

@ A similar calculation shows

A2 t2 0 E E A3t? 0
A2f2 — P 1 11 12:| - P |: 1 PT
|: 0 )\% t2:| |:E21 E>s 0 )\% t2

@ And the function

Ws(t) = I + At + A%t? /21 + A3t3 /3]
=P

L+ Mt + 222242383 /6 0 pT
0 1+ Mot + A3t2/2+ A3t3/6
_p {zi_oufrk)/k! o0 pT
0 Droo(MStF)/K!
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@ In general

n(AkEk) k! 0
Wn(t) = P |:Zk_0(0 t )/ Zz_o(Aétk)/kl] PT
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@ In general

_ Dhoo(MEF)/K! 0
I B A T Lt
@ We know eMt = lim,_, Zk o(Aft¥)/k! and

et = |'mnﬁoo Zk o(A5tX)/K!
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@ In general

_ Dhoo(MEF)/K! 0
I B A T Lt
@ We know eMt = lim,_, Zk o(Aft¥)/k! and

et = |'mnﬁoo Zk o(A5tX)/K!
@ This suggests

. o Nlimpsee 37 (A ER) /! 0
lim Wi(t) = P{ 0 |imn4m2220(/\§tk)/k!}

At
- p |:€ 0 :|PT

n—o0

0 et
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@ In general

_ Dhoo(MEF)/K! 0
I B A T Lt
@ We know eMt = lim,_, Zk o(Aft¥)/k! and

el = |'mnﬁoo Zk o(A5tF)/K!
@ This suggests

. B lim o0 S h_o(AKEF) /K1 0
lim W (t) = P{ 0 limp oo Yo_o(Mst) /K!

eMt 0 T
= P |: 0 e)\zt:| P
@ Define the matrix

eMt 0
R )
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@ The system of ODEs X’ = AX can be written as X’ = PAPT X.
Let Y = PtX.
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@ The system of ODEs X’ = AX can be written as X’ = PAPT X.
Let Y = PtX.

@ Then the system becomes Y’ = AY . with general solution

aeMt 0 ] eMt a 0
Y(t) = |: 0 66)\2t_ = |: 0 e/\zt:| |:0 B:|

for arbitrary a and 5. Define

e__OtO:l
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@ The system of ODEs X’ = AX can be written as X’ = PAPT X.
Let Y = PtX.

@ Then the system becomes Y’ = AY . with general solution

aeht 0 ] et 0 l[a 0
Y(t) - |: 0 /Be)\zt- - |: 0 e/\zt:l |:0 /B:|
for arbitrary a and 5. Define
(@ 0
° - 5 /3}

@ Then the general solution is Y (t) = PTX = MO
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@ The system of ODEs X’ = AX can be written as X’ = PAPT X.
Let Y = PtX.

@ Then the system becomes Y’ = AY . with general solution

aeht 0 ] et 0 l[a 0
Y(t) - |: 0 /Be)\zt- - |: 0 e/\zt:l |:0 /B:|
for arbitrary a and 5. Define
(@ 0
° - 5 /3}

@ Then the general solution is Y (t) = PTX = MO
@ This gives X(t) = PeM©
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@ The system of ODEs X’ = AX can be written as X’ = PAPT X.
Let Y = PtX.

@ Then the system becomes Y’ = AY . with general solution

aeht 0 ] et 0 l[a 0
Y(t) - |: 0 /Be)\zt- - |: 0 e/\zt:l |:0 /B:|
for arbitrary a and 5. Define
(@ 0
° - 5 /3}

@ Then the general solution is Y (t) = PTX = MO
@ This gives X(t) = PeM©

@ Now define the matrix eAt = PeMPT . Then eAtP = PeM and so
X(t) = e’ PO.
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@ Note
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@ Note
0
PO = [El Eg] |:g 6:| = [OzEl ﬁEz]
® So for initial data, Xo = [x¢ 2], we have
)
2 = [OéEl BEz]
X0

implying a =< X, E1 >= x¢ and 8 =< Xp, E; >= x¢
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@ Note
0
PO = [El Eg] |:g 6:| = [OzEl ﬁEz]
® So for initial data, Xo = [x¢ 2], we have
)
2 = [OéEl BEz]
X0

implying a =< X, E1 >= x¢ and 8 =< Xp, E; >= x¢

@ Thus, the solution to the initial value problem is X(t) = e/t Xo.
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@ Note

PO = [E E] [O‘ 0]—[aE1 BE,]

0 p

o T
@ So for initial data, Xo = [x 3| . we have

1
X0

] — [aE BB

implying a =< X, E1 >= x¢ and 8 =< Xp, E; >= x¢
@ Thus, the solution to the initial value problem is X(t) = e/t Xo.

@ And the general solution to the dynamics has the form
X(t) = et C where C is an arbitrary vector.
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@ The general solution to the scalar ODE x’ = A\x is x(t) = e*c and
we now know we can write the general solution to the vector system
X’ = AX as X(t) = e C also as long as we interpret the
exponential matrix eA* right.
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@ The general solution to the scalar ODE x’ = A\x is x(t) = e*c and
we now know we can write the general solution to the vector system
X’ = AX as X(t) = e C also as long as we interpret the
exponential matrix eA* right.

@ Our argument was for 2 x 2 symmetric matrices, but essentially the
same argument is used in the general n x n case but the canonical
form of A we need is called the Jordan Canonical Form which is
discussed in more advanced classes.
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Homework 40

40.1 Prove that A" = PA"PT by POMI.
40.2 Show via POMI

non_ p|At" 0 T
At_P[0 Agt"]P

40.3 Calculate At for A = [g ﬂ



	Symmetric Systems of ODEs
	Writing The Solution Another Way

