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Abstract. The present paper is interested in a family of normal bases, considered by V. M.
Sidel’'nikov, with the property that all the elements in a basis can be obtained from one element
by repeatedly applying to it a linear fractional function of the form ¢(z) = (az + b)/(cz + d),
a,b,c,d € F,. Sidel'nikov proved that the cross products for such a basis {a;} are of the form a;0;
=e;_jo;+ej_;a;+7, 1 # j, where e,y € F,. We will show that every such basis can be formed by
the roots of an irreducible factor of F(z) = cz?™ + dz? — ax — b. We will construct: (a) a normal
basis of Fy» over F, with complexity at most 3n — 2 for each divisor n of ¢ — 1 and for n = p where
p is the characteristic of Fy; (b) a self-dual normal basis of Fyn over Fy for n = p and for each odd
divisor n of ¢ — 1 or ¢ + 1. When n = p, the self-dual normal basis constructed of Fy» over F,
also has complexity at most 3p — 2. In all cases, we will give the irreducible polynomials and the
multiplication tables explicitly.
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1 Introduction

Let N = {ap, 1, -+, an—1} be a normal basis of Fyn over Fy with o; = ad',0<i<n-—1,
where ¢ is a prime power p" with p a prime and m > 1. The multiplication of elements in
Fyn is uniquely determined by the n cross products apo; = Z;":_& tijaj,tij € Fy. The n xn
matrix T = (t;;) is called the multiplication table of N. As in [6], the number of nonzero
elements in 7" is called the complexity of the normal basis N, denoted by Cpy. In hardware
and software implementations of finite field arithmetic, normal bases of low complexity offer
considerable advantages. In [6] it is proved that Cy > 2n — 1. When the lower bound is
reached N is called an optimal normal basis of Fi» over F,. Two families of optimal normal
bases are constructed in [6], and in [3] it is proved that these two families are essentially
all the optimal normal bases in finite fields. Some normal bases of low complexity are
constructed in [1]. A normal basis with the smallest complexity, if no optimal normal bases

exist, is called a minimal normal basis.

The present paper is interested in a family of normal bases, considered by Sidel’nikov [8],
with the property that all the elements in a basis can be obtained from one element by
repeatedly applying to it a linear fractional function of the form ¢(z) = (ax +b)/(cx + d),
a,b,c,d € F,. Sidel'nikov proved that the cross products for such a basis {«a;} are of the
form oo = e;—joy; + ej_ja; + v, © # j, where eg,y € F,. We will show that every such
basis can be formed by the roots of an irreducible factor of F(z) = cx9t! + dx9 — az — b.
We will construct a normal basis of Fy» over F, with complexity at most 3n — 2 for each
divisor n of ¢ — 1 and for n = p where p is the characteristic of F, and a self-dual normal
basis of Fyn over Fy for n = p and for each odd divisor n of ¢ —1 or ¢+ 1. When n = p, the
self-dual normal basis constructed of Fy» over Fj also has complexity at most 3p — 2. In all
cases, we will give the irreducible polynomials and the multiplication tables explicitly. For
this purpose, some properties of linear fractional functions and the complete factorization

of F(x) are discussed in sections 2 and 3, respectively.

2 On Linear Fractional Functions

In this section, we discuss some properties of the linear fractional function p(x) = (az +

b)/(cx + d) with a,b,c,d € F, and ad — bc # 0. It is easy to see that ¢(z) defines a



permutation on Fy U {oco}, where

aco+ b a
=, if 0
coo +d P 70,
b
:::jid::oo, ifad #0,c =0,
%::oo, ifa #0.

Actually, ¢(z) induces a permutation on Fyn U {oo}, for any n > 1. The inverse of ¢(z) is

¢ 1(z) = (=dz +b)/(cx — a).

For any two linear fractional functions ¢ and v, the composition ¢, defined as py(z) =
o(1(x)), is still a linear fractional function. It is well known that all the linear fractional
functions over Fj form a group under composition and is isomorphic to the projective
general linear group PGL(2,q). The order of ¢ is the smallest positive integer ¢ such that
ot(x) = m, i.e., ¢! is the identity map.

For our purpose, we will deal with a linear fractional function ¢(z) = (ax + b)/(cz + d)

with ¢ # 0. The fixed points of p(z) satisfy
cx® — (a —d)x —b=0. (2.1)

The following two lemmas are easily checked.

Lemma 2.1 Let p(z) = ax + b with a # 0,1, be a linear mapping. Then

¢ =h~1yYh,

where Y(x) = ax and h(x) =z +b/(a —1).

Lemma 2.2 Let p(z) = (ax+b)/(cx+d) withc # 0 and ad—bc # 0. Let A = (a—d)*+4be.
Then

¢ = h~1yh,

where h(z) and 1 (z) are defined as follows:

(a) When A =0, let 7o be the only solution of (2.1) in F,, that is, o satisfies cxd = —b
and 2cxg = a —d. Then h(z) = (a/c — xg)/(x — x0) and Y(z) =z + 1.



(b) When A #0, let 2o, x1 be the two solutions of (2.1) in Fz and let £ = (a — cxo)/(a —

cxy). Then

h(x)_.’lf—.’EO

() = at.

x—x

The order of ¢ is now easy to determine. The order of ¢ is equal to the order of .
If + is of the form x + 1 then the order of 9 is equal to the additive order p of 1 in F,
where p is the characteristic of F,. If v is of the form {z, then the order of 9 is equal to
the multiplicative order of £. In case (b) of Lemma 2.2, if A is a quadratic residue in Fj,
then zo,z1 € Fy, and { € Fj;. Hence €971 = 1 and the order of ¢ is a divisor of ¢ — 1.
If A is a quadratic nonresidue in Fy, then zg,z1 € Fp \ F, and 2§ = z1,2] = xo. Thus
€= ((a—czp)/(a—cx1))? = (a—cxld)/(a—cxl) = (a—cz1)/(a—cxp) = 1/€. So €91 =1
and the order of ¢ divides g + 1. Therefore the order of ¢ is always a divisor of p, ¢ — 1 or
qg+1.

Lemma 2.3 Let a,b,c,d € F, with ¢ # 0 and ad — bc # 0. Let o(xz) = (axz + b)/(cx + d)
with order t. Then, for 1 <i<t—1,

. er+b/c a—d
¢'(z) = ——— / , eite = (2.2)
T —e_; c
where e; = a/c and e;41 = p(e;) fori=1,...,t —2.

Proof: It is routine to prove by induction on i that there exist e;, f; € F, with e; = a/c,

fi1 = d/c such that

i\ ex+b/c
and
a—d
ei— fi= c € = 90(62*1)

fori=1,...,t — 1, where ey = co. Note that

6t_i$+b/6_ i o i1 B —fix+b/c
ity ¥ () =¢7"(z) = (¢") (2) = pa—
We see that f; = —e;—;. This completes the proof. O
Lemma 2.4 With the same notation as in Lemma 2.3, we have
o (t-nEe-d/eo, fpi,
ie'_ ajc=d]e, ifp=2andt=2, (2.3)
= 7Y (a—d)/e, if p=2 and t = 3 mod 4, '
0, ifp=2andt=1mod 4,



where p is the characteristic of Fy.

Proof: We consider two cases according to the type of ¢(z).

Case I A = (a —d)? +4bc = 0. Then t = p and, by Lemma 2.2, ¢(z) = h~1h(z)

where

b(@) =z +1, h(z)= H

with zg satisfying 2cxg = a — d and cx3 = —b. Note that 1’(z) = = + i. We have

P'(x) = hy'h(x)
1 [(ajc—xzy .
- ()
(a/c —xo — izo)T — 73
iz + (a/c — xo — izg)

So
=TT frl<i<to1.
1
Therefore
p—1 p—1
e = (p—Dao+ (afe—x) Y it
i=1 i=1
p—1
= (p—Dazo+ (afc—m0) ) i
i=1
_ ) (p=Dzo=(t—-1)(a—d)/(20), ifp#2,
a/c=d/c, if p=2.

Case II A = (a — d)? + 4bc # 0. In this case, the order t of p(x) is a factor of ¢ — 1 or
q+1. Sot e F;. By Lemma 2.2, p(z) = h™'¢h(z) where

T — T a/c— x

h(z) = P(z) =&z, &=

x—x1 ajc—my’
with 2o + 21 = (a — d)/c and zox; = —b/c. Note that h~1(z) = (z12 — x9)/(x — 1) and

Yi(x) = 'z, we have

¢'(x) = h'P'h(x)

(o=

(21€" — x0)z — 2021 (€8 — 1)
(& — 1)z + x1 — wo&?
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So

18" — x0 1 — T .
eizéﬁ:a:l—i— 1 for1 <i<t-—1,
and
t—1 =1
Zei:(t—l)xl—i—(:co—xl)zl =
- —1-¢
=1 =1
As £ is a t-th primitive root of unity, we have
t—1 ‘
H(:{: ) =@ -1)/(e-1) =" 4224 1 (2.4)
i=1
Letting x = 1 in equation (2.4), we get
t—1 ‘
[[a-¢) =t (2.5)
i=1

Taking derivatives with respect to z on both sides of (2.4), we have

t—1 t—1
[ — 2= (=D (=2 2t L (2.6)
=1 i=1

Letting x = 1 in (2.6), we see that

=1 t—1 (t—1)/2, ifp+#2,
21 -=0i)/t=4 1, if p=2and ¢t = 3 mod 4,
- i=1 0, ifp=2andt=1mod4,

(Note that t is odd when p = 2.) Therefore

t-1 (¢ =1)/2) (o + 21) = (t = 1)(a = d)/(2¢), ifp#2,
Zei: xg—x1 = (a—d)/c, if p=2andt=3mod4,
i=1 0, ifp=2andt=1mod4.
This completes the proof. O

The following theorem is proved by Sidel’nikov [8, Theorem 2]:

Theorem 2.5 Let a,b,c,d € F, with ¢ # 0 and ad — bc # 0. Let 0 be a root of F(z) =
cz?™! + dx? — ax — b in some extension field of F,, not fired by p(z) = (azx + b)/(cx + d)

whose order is assumed to be t. Then

07 90(0)7 T ‘pt_l(e)

are linearly independent over F,, if S 125 ¢%(6) # 0.

1=

This theorem indicates that if we can factor F'(z) then we will obtain normal bases over

F,. The factorization of F(z) is discussed in the next section.



3 Factorization of cx?™ + dx? — ax — b

The complete factorization of F(z) = cz?*! + dz? — az — b, a,b,c,d € F,, into irreducible
factors was established by Ore [7, pp. 264-270] by using his theory of linearized polynomials.
In this section, we briefly discuss how this can be done without resorting to linearized
polynomials. For the detail, the reader is referred to [2]. To exclude the trivial cases, we
assume that ad — bc # 0. Let ¢(z) = (ax + b)/(cx + d) be the linear fractional function
associated with F'(z). As noted in section 2, p(x) induces a permutation on Fyn U {oo}, for

any n > 1. We assume that the order of ¢ is ¢ in this section.

Let 6 be a root of F(z) = (cx + d)x? — (ax + b). Then

a9+b_

"= ra ¥

Note that

2

07 = (¢(0))? = p(69) = (p(8)) = *(0).

By induction we see that 67 = ¢(6), i > 0. So

0, 90(0)7 B Qot_l(e) (31)

are all the conjugates of 6 over Fy. If 6 is a fixed point of ¢(x) then § € Fj, and = — 6 is
a factor of F(z). If 0 is not a fixed point of ¢(z), then, by Theorem 2.5, the elements of
(3.1) are distinct and 6 is of degree t over Fy. In the latter case, the minimal polynomial
of 6 over F, is an irreducible factor of F(z) of degree ¢t. So an irreducible factor of F(x) is

either linear or of degree t. We first deal with two special cases.

Theorem 3.1 Let { € F,\ {0} with multiplicative ordert. Then the following factorization

over F, is complete:
(g=1)/t
R | RCEh)

i=1

where (B; are all the (¢ — 1)/t distinct roots of 2@Vt ¢ ip F,.

Proof: Let 6 be a root of 971 — ¢ in some extension field of F,. Then 97 = 9¢t,5 > 1. All
q

the distinct conjugates of § over F, are 6, 0¢,...,06"1. The minimal polynomial of § over



F, is
t—1

[Tz —6¢") =t ¢,

i=0
which divides 29! — £. This means that any irreducible factor of 9! — £ is of the form
z! — 3 where 3 € F,. One can prove that ' — 3 divides 297! — ¢ if and only if 3 is a root
of z(a=1/t _ ¢ This completes the proof. O

Theorem 3.2 For 27— (z+b) withb € Fy, the following factorization over Fy is complete:

q/p
2! —(z+0b) = H(:L‘p — Pl — b)) (3.2)

j=1
where B; are the distinct elements of Fy with Trq/p(ﬁj) = 1 and p is the characteristic of

F,.

Proof: Let 6 be a root of F(z) = 2?7 — (z +b). Then 07 =0 + 1b,7 > 1. So the conjugates
of 0 over Fy, are 6,0 +b,...,0 + (p — 1)b. The minimal polynomial of 6 over Fj is

pl el g
H[x—(@—i—ib)] = pr[ 2 — 1]
i=0 i=0

z—0 z—0

= w20
= P Pl omrt —orh.

Hence an irreducible factor of 7 — (z + b) is of the form
 — P lr -3, BEF, (3.3)

Let v be a root of (3.3) in some extension field of Fj,. Then we have

lpi_ lpi—l_ ﬁpi—l .
where ¢ = p™. Summing (3.4) yields
m p
~P —”y:bTrq/p(b—p).

Consequently (3.3) divides F(z) = 2?" — z — b if and only if Tr,/,(8/b) = 1. Note that

there are q/p = p™ ! elements 3 in F, with trace 1, and the proof is completed. O



In general we show that the factorization of F'(z) can be reduced to factoring 29 —x — 1,
27t — ¢ or 291 — ¢ Let ¢ = h™14h as in Lemmas 2.1 and 2.2. For any root 6 of F(x)
that is not fixed by ¢, we have

h(67) = P(h(6))- (3.5)
If A is a quadratic residue in Fy, then h(6?) = (h(6))4. Thus n = h(#) is aroot of 29—z —1 or
29—¢x = z(297 1 —£) according as 1 (z) = x+1 or Y(z) = &z, € € F,. So by the factorization
of 27—z — 1 and 277! — ¢ as in Theorems 3.1 and 3.2 we obtain the factorization of F(x)

as follows.

Theorem 3.3 For a,b € F, with a # 0,1, the following factorization over Fy is complete:

p Ut b

q-1)
2t —(az+b) = (@~ —) [[ (e——="~8)).
j=1

where t is the multiplicative order of a and B; are all the (q—1)/t distinct roots of e/t _g,

Theorem 3.4 For a,b,c,d € F, with ¢ # 0, ad —bc # 0 and A = (a — d)? + 4bc = 0, the

following factorization over Fy is complete:

(cx + d)x? — (ax + b)

q/p o1 b1 1 )
=(z - iUo)jl;Il[(ﬂ? —z0)P + B_j(a/c —z0)(z — 20)P" — ,B_j(a/c — z0)?]

where xg € Fy is the unique solution of (2.1) and B; are all the q/p distinct elements of Fy
with Trq/p(B;) = 1.

Theorem 3.5 For a,b,c,d € Fy withc#0, ad—bc# 0 and A = (a — d)? 4 4bc # 0 being

a quadratic residue in Fy, the following factorization over Fy is complete:

(cx +d)z? — (ax +b)
@1/t 4
= (z — x0)(x — x1) H

Jj=1

where xo,z1 € Fy are the two distinct roots of (2.1), t is the multiplicative order of & =

(a — cx0)/(a — cx1) and B; are all the (g — 1)/t distinct roots of x@~V/t — ¢ in F,.



If A is not a quadratic residue in Fj, the situation is a little more complicated, as in
this case xg,z1,{ € Fy. Noting that zf = 21 and z{ = zo, we have h(67) = (1/h(6))?. The
equation (3.5) implies that n = 1/h() is a root of 29! — £. So by factoring 297! — ¢ over
F,> we can obtain the factorization of F'(x) over Fj2. Then by “combining” these factors

we get the factorization of F'(z) over Fj as in Theorem 3.6.

Theorem 3.6 For a,b,c,d € F, with ¢ # 0, ad —bc # 0 and A = (a — d)? + 4bc # 0 being

a quadratic nonresidue in Fy, the following factorization over F, is complete:

F(z) = (cx+d)z?— (ax+0)
- )= Bi(e — o) (3.
— ]1;[1 =5 [(z — o i(x — x .

where xo,x1 € Fpe are the two distinct roots of (2.1), t is the multiplicative order of & =

(a —cx1)/(a — cxo) and B; are all the (q+ 1)/t distinct roots of x(@+D/t — ¢ in Fp.

Let f(z) be any nonlinear irreducible factor of F'(z) of degree t and let a be aroot of f(z).
From the discussion at the beginning of this section, we see that ¢’(a),i = 0,1,...,t — 1
are all the roots of f(z) and, by Theorem 2.5, they are linearly independent over Fj if
Tr(a) # 0. But Tr(a) is just the negative of the coefficient of 2'~! in f(z). By examining

the factors in the above explicit factorizations, we have

Theorem 3.7 Let F(z) = (cx + d)z? — (ax + b) with a,b,c,d € Fy, ¢ # 0 and ad — bec # 0.
Then a monic nonlinear irreducible factor f(x) of F(x) of degree t has linearly dependent
roots over Fy if and only if the coefficient of x'=1 in f(x) is zero. The latter happens only
if A = (a—d)?+4bc # 0 and f(x) is of the form

1
1 — o

[z1(z — x0)" — 2o(x — 21)"],

where o and x1 are solutions of (2.1).

This shows that every nonlinear irreducible factor of F'(z), except for possibly one, has

linearly independent roots.

10



4 Normal Bases

As Theorem 3.7 shows, when ¢ # 0 the roots of an irreducible nonlinear factor of F(x)
form a normal basis over Fj (except possibly for one factor). This section is devoted to
discussing the properties of these bases. We will show how to construct a normal basis of
Fyn over Fy; with complexity at most 3n — 2 for n = p and for each divisor n of ¢ — 1. For
this purpose we first compute the multiplication tables of the normal bases formed by the

roots of an irreducible factor of F'(z).

Without loss of generality, we assume that F(z) = 297! 4+ dz? — ax — b with a,b,d € F,
and b # ad. Assume that p(z) = (ax 4+ b)/(z + d) has order n and that, by Lemma 2.3,
o'(z) = (e;x +b)/(x — en_;) with e; = ¢*"1(a), 1 <i < n — 1. Let f(z) be any irreducible
nonlinear factor of F'(z) and « a root of f(z). Then f(x) has degree n and its roots are

i

o =al =¢'(a), i=0,1,---,n—1,

and they form a normal basis of Fyn over Fy if the coefficient of =1 in f(z) is not zero (or

Tr(a) # 0), by Theorem 3.7.

Theorem 4.1 Let F(z) = 297! + dz9 — (ax + b) with a,b,d € F, and b # ad. Let f(z) be
an irreducible factor of F(x) of degree n > 1 and let a be a root of it. Then all the roots of

f(x) are |

a=a? =¢'(a), i=0,1,---,n—1, (4.1)

where p(x) = (ax +b)/(z +d). If T = X724 oy, the negative of the coefficient of z" 1 in

f(z), is not zero, then (4.1) form a normal basis of Fyn over Fy such that

(o) T* —€en—1 —€ep—2 ... —e€1 (&) b*
ai el en—1 Qaj b

o a2 = €2 €n—2 a2 + b (42)
Ap—1 €n—1 €1 Op—1 b

where e1 = a, ej+1 = @(e;) (1 >1), b* = —=b(n — 1) and 7" = 7 — € with

C(-Da-dy2 fp
N, ) a=d ifp=n=2,
6_;%_ a—d, if p=2 and n = 3 mod 4,

0, if p=2 and n =1 mod 4.

11



Proof: We just need to prove (4.2). By Lemma 2.3, for i > 1,

ejag + b
ap — €n—j

o; = @' () =

So

Qoa; = e;ag + en_;a; + b,

For ¢ = 0, we have

n—1 n—1 n—1
apay = ap(T — Z aj) = (1 — Z ej)og — Z en—jo —b(n —1).
j=1 j=1 j=1
The theorem follows from Lemma 2.4. O

The next theorem can be viewed as the “converse” of Theorem 4.1.

Theorem 4.2 Letn > 2 and o; = ad’ for 0 <i <mn—1. Suppose that {a;} is a normal

basis of Fygn over Fy and satisfies
oo = a0 + bijag 4+ vi5, for all0<i#j5<n-—1, (4.3)
where a;j,b;j,7vi; € Fy. Then there are constants 7y, e1,e2,...,en—1 € Fy such that
(a) e, =p(ei—1), for2<i<n-—1, and
aij = ej_i,biyj = e;i_j,vij =7, foralli# j,
where p(x) = (e1x + ) /(x — en—1) and the subscripts of e are calculated modulo n;

(b) the minimal polynomial of c is a factor of F(x) = x9! —e, 127 — (eyz + ), and thus

n must be a factor of p, ¢ —1 or ¢+ 1.

Proof: Let e = agr and vy = v for k =1,2,---,n— 1. Then
ok = erpag + borag + Vi (4.4)
Raising (4.4) to the g™ *-th power on both sides, we have

Qon—k = borag + €t + Vi (4.5)

12



Subtracting (4.5) from (4.4), with the k in (4.4) replaced by n — k, gives
(en—k — box)ao + (bon—k — €x)n—k +Yn—r — 7 = 0. (4.6)
As n > 2 and the o;’s are linearly independent over Fy, the equation (4.6) implies that
bok = €n—ks Vb ="n-ky 1<k<n-—1

Therefore

Qoo = epag + ep_pop + vk, 1<k<n-—1. (4.7)
Now for any i # j, raising (4.7) to the ¢'-th power and letting k = j — 4, we have
Q0 = €04 + €05 + Y. (4.8)
Comparing (4.8) and (4.3) gives
aij = €j—is bij = ei—jy Yij = Vj-i, (4.9)
which proves part of (a).

We shall prove the remaining part of (a) together with (b). To this purpose, note that

a special case of (4.8) is
Qiit] = €ep—1044+1 +era; +7v1, 0<i<n—1,

or

aipr = AU o)), 0<i<n—1, (4.10)
Q; — €n—1

where p(z) = (e1z + v)/(z — ep—1) with v = ~1. So, by induction on i, we see that
a; = ¢'(ag) = ¢'(a),0 < i <n — 1. We know, by Lemma 2.3, that

¢'(x) = (a;z +7)/(x — an—i), 0<i<n-—1

where a; = p(a;—1), for i > 1, and a; = e;. Thus (4.10) implies that

a;op + 7y
T = )
Qg — Qp—g

i.e.,

Qo = a;og + an_joy; + 7. (4.11)

13



Comparing (4.11) to (4.7), we have
€ = Qj, €n—j = an—j, i ="7-

This proves (a). For (b), note that a; = a? and that (4.7) with £ = 1 means « is a root
of F(x) = 297! — e, 129 — e;x — 7. Therefore the minimal polynomial of o divides F(z).

This completes the proof. O

Theorem 4.3 For every a, 3 € Fy with Try;,(8) = 1,
1
2P — ZazP~ — ZaP, 4.12
3 3 (4.12)
is 1rreducible over Fy and its roots form a mormal basis of Fypr over F, with complexity at
most 3p — 2. The multiplication table is

*

T —€p—1 —€p—2 ... —€1

€1 €p—1

€2 €p—2 (4.13)
€p—1 €1

where e1 = a, ej11 = @(€;) fori > 1, p(z) = ax/(x +a), and 7™ =a/B if p#2 ora/B —a
if p=2.

Proof: Let F(z) = (x4a)z?—ax and ¢(z) = ax/(x+a). Then F(z) satisfies the conditions
of Theorem 3.4 with b = 0,c = 1,d = a, A = 0, and zyp = 0. So (4.12) is an irreducible
factor of F(x). As the coefficient of zP~! in (4.12) is —a/B8 # 0, by Theorem 4.1, the
roots of (4.12) form a normal basis and its multiplication table is (4.13). The complexity is

obviously at most 3p — 2. O

Theorem 4.4 Letn be any factor of q—1. Let 3 € F, with multiplicative order t such that
ged(n, (¢ —1)/t) =1 and let a = f9~D/™, Then

2" —B(x—a+1)" (4.14)
is irreducible over Fy and its roots form a normal basis of Fgn over Fyy of complexity at most

3n — 2. The multiplication table is

*

T —€pn—-1 —€pn—2 ... —€1

€1 €n—1

€2 €n—2 (4.15)
€n—1 €1
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where e1 = a, ej+1 = (&) (i > 1), p(x) =ax/(x+1) and 7* = —n(a—1)3/(1 - 3) —¢
with € specified as in Theorem 4.1 (with d =1).

Proof: It is easy to see that a has multiplicative order n. Then ¢p(z) = az/(x + 1) has
o =0 and z1 = a — 1 as fixed points, and £ = (a — z¢)/(a — x1) = a has order n. So ¢ has
order n. Note that 3 is a root of z(¢~1/* — g, By Theorem 3.5, the polynomial (4.14) is an
irreducible factor of F(z) = 29! + 27 — az. Note that the coefficient of z"~1 in (4.14) is
n(a — 1) # 0. By Theorem 4.1 (with b = 0,d = 1), the roots of (4.14) form a normal basis
of Fiyn over Fy, and its multiplication table is (4.15). The complexity is obviously at most

3n — 2. |

The following table is the result of a computer search for the minimal complexity of
normal bases. It indicates that when n|(g — 1) the minimal complexity is often 3n — 3 or
3n—2. This indicates that the normal bases constructed in Theorems 4.3 and 4.4 often have

complexity very close to the minimal complexity. In the table, { indicates that the minimal

q |57 7 (11| 11 |13 |13 |17 |19
6 5|10 34|43
min |9 |6 | 167 |12 | 28t | 6 | 7% | Tx | 6

(=]
S
w

complexity is 3n — 2 and x indicates optimal complexity, i. e., 2n — 1. Other minimal values

are of the form 3n — 3.

5 Self-dual Normal Bases

A basis B = {0,051, -, Bn-1} is called a dual basis of A = {ag, a1, -, an—1} if Tr(a;5;)
= 0;; = 0 for i # j, and 1 for ¢ = j, where Tr is the trace function of Fi» into F, defined as
Tr(e) =a+al+ --+al " € F,, o € Fyn. One can prove that, for each basis A of Fj»
over F,, there is a unique dual basis. Also, if A is normal then so is its dual. If the dual
basis of A coincides with A, then A is called a self-dual basis, that is, a basis A = {a;} is

called self-dual if Tr(a;0) = d;5. Lempel and Weinberger [5] proved

Theorem 5.1 A self-dual normal basis of Fyn over F, exists if and only if one of the

following conditions is satisfied

15



(a) q is even and n is not a multiple of 4,

(b) both q and n are odd.

Later, Jungnickel, Menezes and Vanstone [4] determined the total number of self-dual bases

and self-dual normal bases of Fyn over Fj,.

However the proofs of these results are not constructive. In this section, we will construct

a self-dual normal basis of Fyn» over Fj for every n in the following cases:

(a) n = p, the characteristic of Fy,
(b) n|(¢ —1) and n is odd,

(c) n|(¢g+1) and n is odd.

One can check that the conditions in Theorem 5.1 are satisfied by each of the three cases.

Theorem 5.2 Let N = {ag, a1, -, ap_1} with a;; = a4 be a normal basis of Fyn over Fy
satisfying

oo = ej_ij0y + e;_ja + 7y, for all i # j,

where e1, €2, -+, en_1,7 € Fy. Let T = Trgn/q(a) and A = —(e1 + en—1) —ny/7. Then

{m(ai—k)\): i=0,1,---,n—1}

is the dual basis of N.

Proof: Note that, for i # j,

Trgnjg(ai(a; + X)) = Trgn/q(Aa; +ejia; +ei—ja; +7)
= AT +ejiT+e jT+ny
= T(A+e1+ep1)+ny
= 0,

and

Trqn/q(ozi(ozi + )\)) = Tr(ai(T +A - Z aj))
J#i
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= Tr(ai(r+nA— Z(aj +A)))

J#i
= Tr(a)(7 +nA) — Z Tr(a;(a; + A))
J#1
= 7(T+n\).
The result is proved. O

We now proceed to determine when the roots of an irreducible factor of F(z) = x4+ +
dx?—ax—b form a self-dual normal basis. Let {ag, a1, ..., a1} be anormal basis generated
by a root « of F(x) with a; = o4 and let 7 = Tryniq(a). By Theorem 4.1 and Lemma 2.3,

we have, for ¢ # 0,

Trqn/q(aoozi) = GZ'TI“(OZO) + en,iTr(C%@') +nb

= 7(e; +en—)+nd

= 7(a—d)+nb, (5.1)
and
Trgnjg(@00) = 7(T—€) —Te—nb(n—1)
- { :z— (n — 1)(r(a — d) + nb), iﬁﬁ;i (5.2)

Therefore o generates a self-dual normal basis if 7 = Tr(a) = 1 and (a — d) + nb = 0.
By examining the irreducible factors in Theorems 3.4, 3.5 and 3.6, we find that these two

conditions can be satisfied. More explicitly, we have the following three results.

Theorem 5.3 For any (8 € F; with Try,,(8) =1,
aP — Pt — gt (5.3)

is irreducible over Fy and its roots form a self-dual normal basis of Fyr over Fy with com-
plexity at most 3p—2. The multiplication table is (4.13) where e1 = 3, e;+1 = p(e;) (1 > 1),
ox)=px/(x+0), and T™* =1 ifp#£2or7*=1—-F if p=2.

Proof: Let F(x) = (x + §)z? — Bx. Then, by Theorem 3.4, the polynomial (5.3) is an
irreducible factor of F(z) (where b =0, c=1,d =a = (3, o = 0 and §; = (). Since
a—d=b=0and 7=11in (5.1) and (5.2), the roots of (5.3) form a self-dual normal basis.
Its multiplication table is (4.13), by Theorem 4.1. 0.

17



Theorem 5.4 Let n be an odd factor of ¢ — 1 and § € Fy of multiplicative order n. Then
there exists u € F, such that (u?)@~D/" = ¢, Let zg = (1 +u)/n and z1 = (1 + u)/(nu).
Then the monic polynomial

1

T [(z — z0)" — u?(z — z1)"] (5.4)

is 1rreducible over Fy and its roots form a self-dual normal basis of Fyn over Fy. The
multiplication table is (4.2) with a = (xg — £x1)/(1 — &), b= —xoz1, d = a — (o + x1) and

T=1.

Proof: We first prove that there exists at least one root of z(2~1/" — ¢ that is a quadratic
residue in Fj;,. Let ¢ be a primitive element in F;,. Let ¢ be an odd factor of ¢ — 1 such that
n|t and ged(n, (¢ —1)/t) = 1. Then ¢y = @1/t is a t-th primitive root of unity. Since t is
odd, ¢? is also a t-th primitive root of unity. Let d = t/n. Then there is an integer i such
that (¢2) = ¢, that is,

(Cla=V)/ty2id _ ((2iy@D/n _ ¢

So (% is a root of z(? /" — ¢ and is a quadratic residue in F,. Therefore we can take
u=(h

Now by applying Theorem 3.5, we see that (5.4) is an irreducible factor of F(z) =
(z + d)x? — (ax +b). The negative of the coefficient of "~ ! in (5.4) is

2
- n(xo — u®ry) _ 1
1—wu?
By Theorem 4.1, the roots of (5.4) form a normal basis of Fy» over F, with the claimed
multiplication table. Note that
(u+1) N u+1  (u+1)?
nu  nu

a—d=x9+x1 = = nxgr1 = —nb,

that is, 7(a — d) + nb = 0. It follows from (5.1) and (5.2) that the roots of (5.4) form a

self-dual normal basis. O

Theorem 5.5 Let n be an odd factor of ¢ +1 and let § € F2 be a root of It — 1 with
multiplicative order n. Then there is a root u of 9+ — 1 such that (u?)tD/" = ¢, Let
zo=(14u)/n and z1 = (1 +u)/(nu). Then

1

m[(x —20)" — u?(z — z1)"] (5.5)
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is in Fylx] and is irreducible over Fy with its roots forming a self-dual normal basis of
Fyn over Fy. The multiplication table is (4.2) with a = (x1 — &xo)/(1 — &), b = —zoz1,
d=a—(xo+z1) and 7 = 1.

Proof: The proof of the existence of u is similar to that in the proof of Theorem 5.4 by
taking ¢ to be a (¢ + 1)th primitive root of unity in F,2. We next prove that a,b,d € F,
and (5.5) is in F,[z]. Note that &, u and u? are all (¢ + 1)th roots of unity and we have
€1 =1/¢ u? = 1/u and (u?)? = 1/u?. Thus 2§ = z; and 2§ = 9. So a? = a, b? = b and

d? = d, that is, a,b,d € Fj,. Denote the polynomial (5.5) by ¢(z) and note that

0 = Tl — ="~ et - )]
= ol - )" -1 — o)
= o)

We see that the coefficients of ¢(x) are in Fj,.

To prove that (5.5) is irreducible over Fy, we apply Theorem 3.6. It is easy to check
that, with a, b, d as defined in Theorem 5.5, ¢ and x; are the two distinct solutions of (2.1)

2 is assumed to be

with ¢ = 1 and (a — z1)/(a — z9) = £ which is of order n. Now since u
a solution of z(@+1/4 — ¢ it follows from Theorem 3.6 that (5.5) is an irreducible factor of

F(z) = (z +d)x? — (az +b).

As the coefficient of 2" in (5.5) is (—nzo + nu?z1)/(1 — u?) = —1, the trace of any
root of (5.5) is 7 = 1. It is easy to check that 7(a — d) + nb = 0. It follows from (5.1) and
(5.2) that the roots of (5.5) form a self-dual normal basis. The multiplication table follows
from Theorem 4.1. O
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