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Abstract. We survey under a unified approach on the number of irreducible
polynomials of given forms: xn + g(x) where the coefficient vector of g comes
from an affine algebraic variety over Fq . For instance, all but 2 log n coefficients
of g(x) are prefixed. The known results are mostly for large q and little is know
when q is small or fixed. We present computer experiments on several classes of
polynomials over F2 and compare our data with the results that hold for large
q. We also mention some related applications and problems of (irreducible)
polynomials with special forms.

1. The general problem and known results

Let Fq denote a finite field with q elements and V an affine algebraic variety
over Fq, say defined by r polynomials f1, . . . , fr ∈ Fq[x1, · · · , xn]. Let Vq be the
Fq-rational points in V , i.e.

Vq = {(t1, · · · , tn) ∈ F
n
q : fi(t1, · · · , tn) = 0, 1 ≤ i ≤ r}.(1)

We define In(Vq) to be the number of points (t1, · · · , tn) ∈ Vq such that

F (x) = xn + t1x
n−1 + · · ·+ tn−1x+ tn(2)

is irreducible in Fq[x]. We also denote by P (Vq) the set of all polynomials in (2)
with (t1, · · · , tn) ∈ Vq. For example, when the polynomials f1, . . . , fr are linear in
x1, . . . , xn, V is a coset of a linear subspace. If the linear subspace has dimensionm
then V is called a linear variety of dimensionm. For a linear variety V of dimension
m, P (Vq) can be rewritten as

P (Vq) = {x
n + g0(x) + a1g1(x) + · · ·+ amgm(x) : (a1, . . . , am) ∈ F

m
q },(3)

where gi ∈ Fq[x] has degree at most n−1 for 0 ≤ i ≤ m, and g1, . . . , gm are linearly
independent over Fq.

Problem 1.1. Let V be an affine variety over Fq. Determine In(Vq).

When V is a linear variety, we require that not all the constants in g0(x),
g1(x), . . . , gm(x) are zero and that the polynomials x

n + g0(x), g1(x), . . . , gm(x)
are relatively prime; otherwise In(Vq) = 0 trivially.
When Vq = F

n
q , In(Vq) is just the number of monic irreducible polynomials of

degree n in Fq[x] and there is a well–known formula for it. Generally one would not
expect to find an explicit formula for In(Vq). In practice, it often suffices to have a
good lower bound or an asymptotic formula for it. We are most interested in the
asymptotic behaviour of In(Vq). We note that counting the number of points in Vq
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itself is already a difficult problem; the reader is referred to Wan’s paper [39] for
more information.
When V is a linear affine variety, In(Vq) has been studied by several people.

Suppose that a(x) ∈ Fq[x] has degree r < n−1 and b(x) ∈ Fq[x] has degree ≤ n−1.
Artin [1] studies In(Vq) for g0 = b(x) and gi(x) = a(x)x

i−1 for 1 ≤ i ≤ n− r; here
In(Vq) is the number of monic irreducible polynomials F (x) in Fq[x] of degree n
that are congruent to b(x) modulo a(x). Hayes [23] generalizes Artin’s result to the
case where g0 = b(x) and gi(x) = a(x)x

i−1, 1 ≤ i ≤ n− r− s, where s is fixed with
0 ≤ s ≤ n− r − 1 (that is, the first s coefficients t1, . . . , ts of F (x) are fixed).

Theorem 1.2 ([1, 23]). Let s ≥ 0 and r ≥ 0 be integers with m = n − r − s ≥ 1.
Let a(x) ∈ Fq[x] have degree r ≤ n− 1 and b(x) ∈ Fq[x] degree ≤ n− 1. Suppose in
(3) g0 = b(x) and gi(x) = a(x)x

i−1, 1 ≤ i ≤ m. Then, for large q,

In(Vq) =
1

κ(a)

qm

n
+O

(
qnv

n

)
(4)

for some 1/2 ≤ v < 1 where κ(a) = ϕ(a)/qr and ϕ(a) is the number of units in
Fq[x]/(a(x)).

The estimate (4) is nontrivial only ifm > n/2. Lower bounds for κ(a) are known.
By Theorem 2.1 and its proof in [18],

1 ≥ κ(a) ≥



(
1− 1

q

)r
if r ≤ q,(

1− 1
q

)
1

e0.83(1+logq r)
if r > q,

where r is the degree of a(x). Hence

1 ≤
1

κ(a)
≤



(
1 + 1

q−1

)r
if r ≤ q,(

1 + 1
q−1

)
e0.83(1 + logq r) if r > q.

Note that for fixed r, 1/κ(a) goes to 1 when q 7→ ∞. But for fixed q, 1/κ(a) can
be arbitrarily big when r 7→ ∞. In fact, Theorem 3.4 in [18] shows that there is an
infinite sequence of r such that

eε
√
1 + logq r ≤

1

κ(xr − 1)
≤ e0.83(1 + logq r)

for some constant ε depending only on q.
Theorem 1.2 improves previous work of Uchiyama [42] for b(x) = xr and Carlitz

[8] for b(x) = xr and s = r = 1. By using Theorem 1.2, Hsu [25] proves that there
is always an irreducible polynomial of degree n in Fq[x] with the lower or higher
half of the coefficients fixed at any values.
The special polynomial xn + x + a (i.e. m = 1, g0 = x and g1 = 1 in (3)), has

attracted much attention. Chowla [9] conjectures that the number of such irre-
ducibles is asymptotically q/n. Later, Cohen [11] and Ree [32] prove independently
that indeed the number is q/n + O(q1/2). They both use a function field analog
of the Čebotarev density theorem, or Weil’s theorem on the Riemann hypothesis
for function fields over a finite field [41], and the fact that the Galois group of the
polynomial xn + x + t over the function field Fq(t) is the symmetric group Sn of
order n. The latter fact was previously determined by Birch and Swinnerton-Dyer
[3] and a simple proof of it is given by Hayes [24]. In fact, Cohen considers the
more general polynomials (3) for m = 1 in [11] and for an arbitrary m in [12]. In
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other words, Cohen determines In(Vq) for a linear affine variety V under certain
restrictions.

Theorem 1.3 ([12],Theorem 3). Let V be a linear affine variety of dimension m
over Fq. Under certain conditions on V and for large q,

In(Vq) =
qm

n
+O(qm−

1
2 ),(5)

where the implied constant depends only on n.

The estimate (5) works for all m when q is large, but the error term is worse
than (4) when m > n/2. We omit the description of the exact conditions on V
because they seem complicated and not easy to verify. Also, we believe that some
of the conditions can be removed or simplified. Cohen gives simple conditions for
two special cases of V :

(a) gi = x
ki , 1 ≤ i ≤ m, with n > k1 > k2 > · · · > km ≥ 0;

(b) g0 = b(x) and gi = a(x)x
i−1 for 1 ≤ i ≤ m where m ≥ 1, a(x) ∈ Fq[x] has

degree n−m and b(x) ∈ Fq[x] has degree at most n− 1.

Let p be the characteristic of Fq. For these two special cases, Cohen’s conditions
are: (a) p > n, P (Vq) is not a subset of Fq[x

`] for any ` > 1, and g0(0) 6= 0 if km > 0;
(b) p > n, and xn+ b(x) and a(x) are relatively prime. These two cases correspond
to Theorems 1 and 2 in [12]. Cohen also considers the more general problem of
determining the number of polynomials in P (Vq) with a given factorization pattern;
the general result is described in the next section.
In case (a) above, Stepanov [37] independently proves a formula for In(Vq) by

using the deep Deligne-Weil theorem [14]. For an arbitary variety, the problem
has been studied by Chatzidakis, van den Dries and Macintyre [10], Wan [38], and
Fried, Haran and Jarden [15] in a more general setting.

Theorem 1.4 ([10, 15, 38]). Let V be an affine variety of dimension m over Fq.
Then, for large q, there is a constant d ≥ 0 such that

In(Vq) = d ·
qm

n
+O(qm−

1
2 ).(6)

In the above formula for In(Vq), d depends on the variety. Also, if we replace q
by qk then the constant d may vary with k but is periodic. An interesting question
is to determine d for special classes of varieties. As Theorem 1.3 indicates, d could
be 1. At the end of our paper, we will give an example where d = n.
The above accounts essentially all we know about In(Vq). These results are

proved exclusively for large q. Little is known about In(Vq) when q is small (or
fixed). In Section 3, we present computer experiments on In(Vq) for several special
cases of linear varieties V over Fq for q = 2. We compare our data with the
asymptotic formulas above that are valid for large q. It turns out these formulas
hold very well for small q and the error terms are small as well.
For completeness, we comment in Section 2 on some related results and applica-

tions of polynomials of special forms, and describe two interesting related problems
that arise in algorithm designs.



4 GAO, HOWELL, AND PANARIO

2. Related results, applications and problems

Sparse irreducible polynomials (i.e., when most coefficients are fixed at 0) over
finite fields have several applications in computer algebra, coding theory and cryp-
tography. In practice, F2n are among the most useful fields. Suppose that there
is an irreducible polynomial xn + g(x) ∈ F2[x] with g(x) having a small degree,
say deg(g) ≤ logn + O(1). In [34], Shoup shows that exponentiation in F2n can
be sped up using this type of polynomial, which is desirable in implementing pseu-
dorandom number generators and several public-key cryptosystems. By exploring
the low degree of g(x), Coppersmith [13] designs one of the fastest algorithms for
computing discrete logarithms in F2n . Recently, Gao [16] constructs elements of
provable high orders in finite fields by using irreducible factors of xn + g(x) with
deg g(x) small. Irreducible polynomials with a few nonzero terms are also impor-
tant in efficient hardware implementation of feedback shift registers and finite field
arithmetic ([2, 21, 40]).
When the degree n is a power of 2, there is always an irreducible binomial

or trinomial over Fq. For example, when q ≡ 1 mod 4, if a ∈ Fq is a quadratic

nonresidue then x2
k

− a is irreducible over Fq for all k ≥ 0. When q ≡ 3 mod 4,
there is no irreducible binomial of degree 2k for k ≥ 2. In this case, we have from
[6] the following construction of irreducible trinomials. Suppose that q = pm where
m is odd and p ≡ 3 mod 4 is a prime. Let 2v|(p + 1), 2v+1 - (p + 1). Then v ≥ 2.
Compute u ∈ Fp iteratively as follows:

u1 = 0,

ui = ±

(
ui−1 + 1

2

) p+1
4

(mod p), for 1 < i < v,

uv = ±

(
uv−1 − 1

2

) p+1
4

(mod p),

where one can take at each step any of the signs arbitrarily. Let u = uv. Then

x2
k

− 2ux2
k−1

− 1

is irreducible over Fp, and over Fq as well, for all k ≥ 1. Other constructions of
more general sparse irreducible polynomials appear in [35, Theorem 1], and [19,
Theorem 5.1]. Irreducible trinomials have been extensively studied and tabulated
(see [27, Chapter 3], [4, 5, 22, 43, 44]).
The factorization “behaviour” of polynomials of special forms are important in

algorithm designs. This is particularly true for index-calculus methods for comput-
ing discrete logarithms in Fqn for small q. Coppersmith’s algorithm for computing
discrete logarithms in F2n has a good running time if polynomials of the form

u1(x)h(x) + u2(x)(7)

behave like random polynomials of the same degree where h(x) ∈ F2[x] is fixed and
u1(x), u2(x) ∈ F2[x] are chosen at random of certain degrees. Recently Semaev [33]
designs another fast algorithm for computing discrete logarithms in Fqn when q and
n satisfy one of the two conditions:

(a) if r = 2n+ 1 is a prime and Z×r =< q,−1 >;
(b) if qn − 1 has a small primitive prime divisor r, i.e., r|(qn − 1) but r - (qk − 1)
for 1 ≤ k < n.
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The condition (a) is equivalent to the existence of an optimal normal basis in Fqn ;
see [29, 20]. In case (a), the running time analysis of Semaev’s algorithm relies
on the assumption that polynomials of the following forms behave like random
polynomials:

d∑
k=d−m

ckDk(x),
d∑

k=d−m

ckφik(x)(8)

where ck ∈ Fq vary, but m < d < n and ik ≤ d are fixed, Dk are the well–known
Dickson polynomials defined by

D0 = 2, D1 = x, Dk = xDk−1 −Dk−2, k ≥ 2,

and φk are defined by

φ0 = 1, φk = Dk −Dk−1 + · · ·+ (−1)
k−1D1 + (−1)

k, k ≥ 1.

In case (b), Semaev assumes that polynomials of the following forms behave like
random polynomials:

m∑
k=1

ckx
ik ,

m∑
k=1

ckx
jk(9)

where ck ∈ Fq vary, and ik, jk are related but fixed.
The polynomials in (7), (8) and (9) are special cases of P (Vq) for a linear variety

V as in (3). For index-calculus methods, it is important to know how polynomials
in P (Vq) are distributed. Particularly, how many polynomials in P (Vq) are smooth?
Here “smooth” means that the polynomials have only irreducible factors of degrees
up to a given bound. The phrase “behave like random polynomials” above means
that the proportion of smooth polynomials among the polynomials of the form (7),
(8), or (9) is approximately the same as that among all polynomials in Fq[x] of the
same degree. This raises the question of finding a good lower bound or asymptotic
formula for the number of smooth polynomials in P (Vq). Let Vq ⊆ Fnq and r ≤ n.
Define Sr(Vq) to be the number of polynomials in P (Vq) that have no irreducible
factors of degrees > r.

Problem 2.1. Let V be an affine variety over Fq and r ≤ n. Determine Sr(Vq).

When Vq = F
n
q , Sr(Vq) is well studied. Let Nq(n, r) = Sr(F

n
q ), the number of

r-smooth polynomials of degree n over Fq. Odlyzko [30] gives estimates when q = 2
that easily generalize to any q (see [26]). Using the saddle point method when
n→∞ and n1/100 ≤ r ≤ n99/100, one has

Nq(n, r) = q
n
( r
n

)(1+o(1)) nr
.

Car [7] shows that for large values of r, say r > cn log logn/ log n, the smooth
polynomials behave like the well–known number theoretic Dickman function. Later,
Soundararajan [36] obtained estimates for the full range of q, r and n. Recently,
Panario, Gourdon and Flajolet [31] used an analytic approach to show that the
smooth polynomials also behave like the Dickman function for r > (logn)1/k for k
a positive integer constant. Nothing is known about Sr(Vq) when Vq 6= Fnq .
More precise information on the distribution of polynomials in P (Vq) can be

obtained by studying the number of polynomials that have a given factorization
pattern. A polynomial of degree n is said to have a factorization pattern λ =
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1a12a2 . . . nan if it has exactly ai irreducible factors of degree i for 1 ≤ i ≤ n. The
number of polynomials in P (Vq) with factorization pattern λ is denoted by Iλ(Vq).
This agrees with our previous notation In(Vq) when λ = n.

Problem 2.2. Let V be an affine variety over Fq and λ any factorization pattern.
Determine Iλ(Vq).

When V is a linear variety, Iλ(Vq) has been studied by Cohen. To state his
result, for any factorization pattern λ = 1a12a2 . . . nan we define

T (λ) =
1

a1!a2! · · · an!1a12a2 · · ·nan

which represents the proportion of permutations with cycle pattern λ in the sym-
metric group Sn. When q is large, T (λ) is also asymptotically the proportion of
polynomials with factorization pattern λ among all monic polynomials of degree n
in Fq[x].

Theorem 2.3 ([12],Theorem 3). Let V be a linear affine variety of dimension m
over Fq. Under certain conditions on V and for large q,

Iλ(Vq) =
1

T (λ)
·
qm

n
+O(qm−

1
2 ),(10)

where the implied constant depends only on n.

The exact conditions are not stated here for the same reasons as in Theorem 1.3.
Also, the two special cases (a) and (b) for Theorem 1.3 apply to Theorem 2.3 as
well. More work need to be done to simplify Cohen’s conditions. In the case (a),
Stepanov [37] also proves a similar result.
For an arbitary variety V , Problem 2.2 is studied by Chatzidakis, van den Dries

and Macintyre [10], and Fried, Haran and Jarden [15] in a more general setting.

Theorem 2.4 ([10, 15]). Let V be an affine variety of dimension m over Fq and
λ any facterization pattern of a polynomial of degree n. Then there is a constant
d ≥ 0 such that, for large q,

Iλ(Vq) = d ·
qm

n
+O(qm−

1
2 ).(11)

It is interesting to determine the constant d for special varieties V . Cohen’s
result above indicates that for certain linear variety, d = T (λ).
When q is small or fixed, little is known about Problem 2.2. It is not even clear

what can be proved for fixed q when m and n are large. Probably new methods are
needed to attack it. A resolution of Problem 2.2 will shed light on Problem 2.1.

3. Experimental results

In this section we present experimental results on In(Vq) when q is small. The
following is a list of types of polynomials we consider. All polynomials are over
F2. However, similar experiments can be conducted over any finite field. We seek
for the number of irreducible polynomials of the given forms. Let m be a positive
integer (in most of our computation we let m = 2dlog ne).

(A) f(x) = xn + xg(x) + 1, deg g(x) ≤ m− 1.
(B) f(x) = xn + xkg(x) + 1 where deg g(x) ≤ m− 1 and 1 ≤ k ≤ n−m− 1.
(C) f(x) = g0(x)+ x

kg(x)+ 1, g0(x) has degree n and is randomly chosen, where
deg g(x) ≤ m− 1 and 1 ≤ k ≤ n−m− 1.
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(D) f(x) = g0(x) + a1g1(x) + · · · + amgm(x), where g0, g1, . . . , gm ∈ F2[x] are
randomly chosen and are linearly independent over F2 with deg g0(x) = n
and deg gi(x) < n for 1 ≤ i ≤ m.
(D.1) g0(x) = Dn(x)/x, gi(x) = Dk−i(x)/x, 1 ≤ i ≤ m, where Dn(x) is a

Dickson polynomial of order n and m ≤ k < n.
(D.2) g0(x) = x

n + 1, gi(x) = x
ki , 1 ≤ i ≤ m, where k1, . . . , km are randomly

chosen satisfying n > k1 > · · · > km > 0.

(D.1) and (D.2) are polynomials from (8) and (9). In all the cases, V is an affine
variety of dimension m over F2. For a linear variety of dimension m over Fq,
Theorem 1.2 indicates that In(Vq) ∼ dqm/n for some constant d ≥ 1 and d can
be arbitrarily large. Theorem 1.3 suggests that this constant d is equal to 1 for
many linear varieties, and the error term is O(qm−1/2) when q is large. For linear
varieties, we expect a smaller error term. So we hypothesize that

In(Vq) = d ·
qm

n
+O

(
qm/2

n

)

where d is a constant depending on the variety V . It turns out that d = 1 or 2 for
most of the above types of polynomials. We will also give examples with d > 2. To
see the size of the constant in O(·), we compute c > 0 such that∣∣∣∣In(Vq)− d · q

m

n

∣∣∣∣ ≤ c · q
m/2

n
,

i.e., ∣∣∣∣In(Vq) · nqm/2 − d · qm/2
∣∣∣∣ ≤ c.

In our tables,

density =
In(Vq)n

qm
,

c =

∣∣∣∣In(Vq) · nqm/2 − d · qm/2
∣∣∣∣

up to certain accuracy. We computed Case A for n up to 500 and m = 2dlogne.
Table 1 contains the values of d, density and c for some selected values of n.
In other tables, S stands for smallest, L for largest, and A for average. In Table

2, 3, 5 and 6, for each 1 ≤ k ≤ n−m−1, we compute In(Vq) and the corresponding
density and c, then we find the smallest, largest, and average of them for each
of density and c. In Table 4, we make 10 random choices for {g0, g1, . . . , gm} for
each pair of n and m, and for each choice we compute density and c, then find the
smallest, largest, and average of them.
In Table 7, compute some classes of polynomials with larger d, using polynomials

in Theorem 1.2 with κ(a) small. For example when a = x2 − x, x4 − x, x8 − x,
or x16 − x, the corresponding d is expected to be 1

κ(a) = 4, 5.33, 5.22, and 6.47,

respectively. This is indeed verified by our computation. These polynomials provide
examples for Problem 27 in [28].
We also did an experiment on the existence of irreducible polynomials of the

form xn + g(x) ∈ Fq[x] with deg g(x) = log n + O(1). For q = 2 and n ≤ 2000, it
turns out that such irreducibles always exist with deg g(x) ≤ logn+ 3.
The computation of these tables is time consuming especially when m is large,

since one needs to test irreducibility of 2m polynomials to get a single value of
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n m d density c

25 10 2 2.02637 0.84375
50 12 2 2.22168 14.1875
50 13 2 2.12402 11.2253
50 14 2 2.08435 10.7969
50 15 2 2.04620 8.36375
50 16 2 2.04239 10.8516
50 17 2 2.01797 6.50759
50 18 2 1.98898 5.64062
75 14 2 1.88141 15.1797
100 14 2 2.00195 0.2500
125 14 2 1.77002 29.4375
150 16 2 2.03934 10.0703
175 16 2 1.99203 2.03906
200 16 2 2.00195 0.50000
225 16 2 2.00157 0.40234
250 16 2 2.03323 8.50781
275 18 2 1.94387 28.7363
300 18 2 2.02789 14.2812
325 18 2 1.85595 73.7559
350 18 2 1.97067 15.0156
375 18 2 1.96552 17.6523
400 18 2 2.00042 0.21875
425 18 2 2.03466 17.7480
450 18 2 1.99470 2.71093
475 18 2 2.02579 13.2070
500 18 2 2.08473 43.3828

Table 1. Case A

density c

n m d S L A S L A
25 10 2 1.83105 2.09961 1.9987 0.719 5.407 2.409
50 12 2 1.95312 2.24609 2.0874 0.125 15.750 6.515
75 14 2 1.81274 2.12402 1.9689 0.055 23.969 10.144
100 14 2 1.86157 2.39258 2.1517 0.251 50.250 20.267
125 14 2 1.75476 2.30408 1.9857 0.141 38.922 11.135

Table 2. Case B

In(Vq). The data in our tables are based on several thousand values of In(Vq) for
m up to 18.
The data in our tables indicate that c < n, i.e. the error term is O(qm/2). For a

linear variety V of dimension m over Fq, it seems that

In(Vq) = d ·
qm

n
+O(qm/2)

where d ≥ 1 is a constant depending only on the variety V and the implied constant
in O(·) is independent of m,n and q.
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density c

n m d S L A S L A
25 10 2 1.31836 2.41699 1.9092 1.500 21.813 7.163
50 12 2 1.75781 2.63672 2.0459 0.125 40.750 12.838
75 14 2 1.73035 2.22015 1.99468 0.0546875 34.5156 8.26629

Table 3. Case C

density c

n m d S L A S L A
25 10 1 0.732422 1.36719 1.074220 0.750 11.750 5.325
50 12 1 0.732422 1.22070 0.969238 1.625 17.125 7.969
75 14 1 0.924683 1.14441 1.031800 0.265 18.485 9.205
100 14 1 0.903320 1.09863 0.988770 0.125 12.625 6.851
125 14 1 0.823975 1.23596 0.997925 2.859 30.204 12.710
150 16 1 0.888062 1.16272 1.001590 5.218 41.657 17.451

Table 4. Case D

density c

n m d S L A S L A
25 10 1 0.732422 1.17188 1.00911 0.032 8.5625 3.492
50 12 1 0.805664 1.19629 1.03053 0.063 12.5625 4.594
75 14 1 0.833131 1.16731 0.99538 0.266 21.4141 7.036
100 14 1 0.830078 1.17798 1.01333 0.126 22.7812 7.334
125 14 1 0.793457 1.14441 0.98901 0.071 26.4375 8.403

Table 5. Case D.1: Dickson polynomials

density c

n m d S L A S L A
25 10 2 1.31836 2.41699 1.9092 1.501 21.813 7.163
50 12 2 1.75781 2.63672 2.0459 0.125 40.751 12.838

Table 6. Case D.2

Our experiments do not cover the arbitrary variety case. In general, In(Vq) is
much more difficult to determine. When q is small, it is even not clear what to
expect on the size of In(Vq). When q is large, we have some control on the major
term of In(Vq), but the constant d is yet to be determined. We hope that our
experimental results will stimulate more interests in this problem.
Finally, we remark that when F (x) is a multivariate polynomial, Theorem 1.4

also holds [10, 15, 38]. Here we would like to provide an example with d/n = 1.
Let F be any field over which x and y are algebraically independent. Define a
polynomial

F (x, y) = xm + yn + xuyv +
∑
cijx

iyj
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density c

n m a(x) d S L A S L A
25 10 x2 − x 4 3.61328 4.49219 4.01106 0.125 15.75 5.24129
25 10 x4 − x 5.33 4.66309 5.85938 5.33936 0.2475 21.3413 5.72504
25 10 x8 − x 5.22 4.6875 5.7373 5.23529 0.1475 17.04 6.20377
50 12 x2 − x 4 3.50342 4.62646 4.00031 0.25 40.0938 9.91799
50 12 x4 − x 5.33 4.74854 5.98145 5.36126 0.28625 41.6925 10.7219
50 12 x8 − x 5.22 4.63867 5.99365 5.24532 0.295 49.5138 11.6792
50 12 x16 − x 6.47 5.94482 7.10449 6.44112 0.0175 40.6075 11.3236
75 14 x2 − x 4 3.63922 4.30298 3.98748 0.109375 46.1797 12.1067
75 14 x4 − x 5.33 4.953 5.86395 5.34038 0.20875 68.3459 14.4665
75 14 x8 − x 5.22 4.83398 5.61676 5.21434 0.19125 50.7853 12.7299

Table 7. Theorem 1.2

where cij ∈ F and the sum is over all pairs (i, j) such that in the real Euclidean
plane the point (i, j) is inside the triangle determined by the points (m, 0), (0, n)
and (u, v) (so un+ vm 6= mn). In [17], it is proved that if gcd(m,n, u, v) = 1 then
F (x, y) is absolutely irreducible over F. In particular, let F = Fq and

F (x, y, z1, . . . , zk) = x
m + yn + xuyv +

∑
xiyjcij(z1, . . . , zk)

where cij(z1, . . . , zk) are polynomials in Fq[z1, . . . , zk] and the sum is same as above.
Then for any point (a1, . . . , ak) ∈ Fkq , the bivariate polynomial F (x, y, a1, . . . , ak)

is (absolutely) irreducible over Fq. Let Vq = F
k
q , a variety of dimension k. Then

the number of points a in Vq such that F (x, y, a) is irreducible is exactly q
k. So in

Theorem 1.4 for multivariate polynomials F (x), the constant d/n is 1 and the error
term is zero.
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