IRREDUCIBILITY OF POLYNOMIALS MODULO p
VIA NEWTON POLYTOPES

SHUHONG GAO AND VIRGINIA M. RODRIGUES

ABSTRACT. Ostrowski established in 1919 that an absolutely irreducible in-
tegral polynomial remains absolutely irreducible modulo all sufficiently large
prime numbers. We obtain a new lower bound for the size of such primes in
terms of the number of integral points in the Newton polytope of the polyno-
mial, significantly improving previous estimates for sparse polynomials.

1. INTRODUCTION

A polynomial f € Z[z,y], absolutely irreducible over Q, is said to have a good
reduction at a prime p (or p is good for f) if it remains absolutely irreducible
modulo p; otherwise f is said to have a bad reduction at p (or p is bad for f).
In 1919, Ostrowski [6] proved that a multivariate integral polynomial, absolutely
irreducible over the rationals, has good reduction at all sufficiently large primes.
This well-known result motivates the search for lower bounds for such primes.

In 1976, Schmidt [11] gave a triple exponential bound for good primes based on
the total degree d > 0 of the polynomial f. He proved that f has a good reduction
at all primes p with

> (@lfI)"

where k = (‘“2'1) and | f]|1 is the sum of the absolute values of its coefficients. A
substantial improvement of this result was given by Kaltofen [4] in 1985 (see also
[5]). For f monic in z he obtained

p > (2d- H(f))"*F,

where H(f) is the height of f, i.e. the maximum of the absolute values of its
coefficients. In 1986, Ruppert [8] presented a sharper estimate:

p> d3d2—3 . H(f)dz_l.
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In 1997, Zannier [12] derived a bound for good primes in terms of the degrees of
f with respect to x and y:

P> 612n2m2 (4n2m)8n2m . H(f)2(2n—1)2m,

where deg(f) = (m,n).! His result was improved by Ruppert [9], who in 1999
obtained the estimate

p > Im(n+ 1)n® + (m + 1)(n — Dm0 f(pmminst (1)

In this paper we present a new lower bound that improves (1), specially when
f is sparse. Our estimate is given in terms of the bidegree of f and the number of
integral points in its Newton polytope, which gives a nice geometric visualization of
the values involved in the computation and allows the shape of f to be exploited.

The Newton polytope of a polynomial f = 3, ; aijz'y? € Flz,y], where F is
any field, is defined as the convex hull in the Euclidean plane R? of the exponent
vectors (i,j) of all the nonzero terms of f. We denote it by P(f) (see Figure 1
for an example). Newton polytopes carry a lot of information about irreducibil-
ity and factorization of polynomials. Indeed, Gao [1] presents several criteria for
absolute irreducibility of polynomials based on the explicit construction of indecom-
posable polytopes, generalizing the well-known Eisenstein’s irreducibility criterion.
Also, Gao and Lauder [3] study computational problems about decomposition of
polytopes and polynomials. Here we show how Newton polytopes can be used to
estimate the size of the primes that preserve absolute irreducibility of polynomials.
Our main contribution is the following result.

Theorem 1. Let f =37, . a;;x'y’ € Zlz,y] be absolutely irreducible over Q with
bidegree (m,n), where m,n > 1. Then f is absolutely irreducible over Z, for every

prime p such that
2t—3
p> (Vm2an?|fl2) " (2)

where t is the number of integral points in the Newton polytope of f, and | f|l2 =
(>i; a§j)1/2, the Euclidean norm of f.

For an example of bound (2), consider the polynomial f = z2 + y3 + 3z%y5.
Its Newton polytope is the triangle with vertices (2,0), (0,3) and (4,5), shown in
Figure 1. P(f) contains 11 integral points, so Theorem 1 guarantees that f has
a good reduction at any prime p greater than 1.64 x 102°. For this polynomial,
Ruppert’s bound (1) is 1.573 x 1086, The big difference between these estimates
can be explained in terms of Newton polytopes: (1) essentially corresponds to
considering the integral points in the rectangle with vertices (0,0), (m,0), (0,n)
and (m,n), where (m, n) is the bidegree of f, while our result implies that it suffices
to count only those in P(f).

The Euclidean norm of a polynomial depends only on its nonzero coefficients,
while the number of integral points in the Newton polytope depends on its shape,

IWe say that a bivariate polynomial f has bidegree (m,n) and write deg(f) = (m,n), when
deg, (f) = m and deg,(f) = n. We make the convention that if deg(f) < (m,n) and m or n is
negative, then f is identically zero.
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Fig. 1: The Newton polytope of f = z2 4+ 3> + 3z%y>.

hence both the sparsity and the shape of f are incorporated in bound (2). To
compare it with (1), note that || f||2 < v/*- H(f), and so (2) implies that

p> (Vo smi-H(p) Q

is sufficient to preserve the absolute irreducibility of f over Z,. Estimate (3) (and
hence estimate (2)) improves Ruppert’s bound (1) for ¢t < m(n — 1), .

The proof of Theorem 1, presented in Section 2, is based on a partial differential
equation used by Ruppert [9], and on a result of Gao [2] that characterizes the
dimension of the solution space of this PDE as the number of absolutely irreducible
factors of the given polynomial. We show that the shape of the solutions depends
only on the Newton polytope of the polynomial, which yields a linear system of size
depending on the number of integral points in the Newton polytope.

In Section 3 we give explicit examples showing the coefficient matrix of the
linear system from which (2) is derived. We present polynomials that have the
same Newton polytope and Euclidean norm, but have bad primes varying greatly
in size.

2. DERIVING THE NEwW BOUND

In his study of irreducibility of polynomials Ruppert [9] presented a criterion for
reducibility based on the existence of solutions of the partial differential equation

w(3) o (7) ©

where f € F[z,y] is given, g,h € F[z,y] are unknown, F is an algebraically closed
field, deg f = (m,n), deg g < (m —1,n), and deg h < (m,n — 2).

A new method for factoring bivariate polynomials was recently developed by
Gao [2] using PDE (4) with a slightly relaxed condition on the degree of h. He
considered

deg f = (m,n), deg g < (m —1,n), and deg h < (m,n —1), (5)
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and showed that the solutions g, h of (4) and (5) have a special format, which we
exploit to derive our bound for the size of good primes.

Let F be any field and F its algebraic closure. Let f € F[z,y] with bidegree
(m,n) and consider the solution spaces

G = {g€F[z,y]:(4) and (5) hold for some h € F[x,y]},
G = {g€F[z,y]:(4) and (5) hold for some h € Flz,y]}.

Note that G and G are vector spaces over F and F, respectively, and G C G.

Theorem 2 (Gao [2]). Suppose f = fifa--- fr, where f; € F[z,y] are distinct and
irreducible over F, and suppose ged(f, fz) = 1. If F has characteristic either zero
or greater than (2m — 1)n, then

dimp(G) = dimz(G) =r,
and each g € G is of the form

9= Z MNE;, (6)
i=1

where \; € F and
_fafi

Ei =<+

eFlz,y], 1<i<r

A consequence of this result is a criterion for irreducibility depending on the
dimension of the solution space G:

f is absolutely irreducible over F if and only if dimp(G) =1,

where F has characteristic either zero or greater than (2m — 1)n. A similar result
for characteristic zero was obtained by Ruppert in [9].

Note that the partial differential equation (4) can be rewritten as

0g af oh of

f'ay g dy I 8x+h. or
which is a homogeneous system of linear equations for the coefficients of g and h.
Let us denote by M the matrix of the system obtained by considering polynomials g
and h satisfying (7) and condition (5) on the degrees. So the number p of variables
of the system is the total number of coefficients of g and h, which is at most
2mn + m + n. The irreducibility criterion given above can then be restated as
follows.

0, (7)

Corollary 3. f is absolutely irreducible over F if and only if rank(M) = p — 1,
assuming F has characteristic either zero or greater than (2m — 1)n.

Another important consequence of Theorem 2 is that a possible solution g € G
must be of the form (6). In addition, the same proof shows that the corresponding
h € Flz,y] is of the form

h = i)\iDh (8)
=1
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where

Ofi

b Lo
fi 9y

Examining expressions (6) and (8), we show in Lemma 4 that they reveal infor-

mation on the shape of the Newton polytopes of g and &, which yields a bound on
the number of nonzero coefficients of these polynomials.

€Flz,y], 1<i<r

Lemma 4. Let f be as in Theorem 2. Let t be the number of integral points in
P(f), ty the number of integral points in P(f) lying on the x-azxis, and t, on the y-
axis. Then, for all polynomials g, h € Flx,y] of the forms (6) and (8), respectively,
we have

P(zg) € P(f) and P(yh) C P(f), 9)

and g and h have at most t —t, and t —t, nonzero coefficients, respectively.

In the proof of this result we apply the following well-known result by Ostrowski
(1975), which states that the Newton polytope of a polynomial is the Minkowski
sum? of the Newton polytopes of its factors.

Lemma 5 (Ostrowski [7]). Let f, f1, -+, fr € Flz,y] with f = f1--- f.. Then
P(f)=P(f1)+---+ P(fr).

For a simple proof of this lemma see [1].

Proof of Lemma 4. Let g,h € Flz,y] of the forms (6) and (8), respectively. In

(6) we have E; = %%{;, fori=1,...,r. So,

Ofi Of;
P<in):P(£'xaj;> :P(£)+P(wa];)’
by Lemma 5. Note that the exponent vectors of each polynomial m%& are of the
form (k,1), where k > 1 and (k,l) is an exponent vector of f;. Hence P(:c %&) -
P(f;) and

P(\oE:) € PaE:) € P(4) + P(7) = P(L - £) = P(9)

K2

fori=1,...,r. Therefore,

P(ag) = P(3" Nk € P(f)

i=1
Similarly, from (8) we obtain

P(yh) = P(i )\ini) c P(f).

i=1

Since P(zg) is a subset of P(f), all the nonzero terms of xg have exponent
vectors corresponding to integral points inside the Newton polytope of f. Besides,
all of them have degree at least one in x, which implies that the Newton polytope
of g does not have points lying on the y-axis. Thus zg has at most ¢t — ¢, nonzero

2The Minkowski sum A + B of two sets A and B € R™ is the set of all elements a + b with
a€ Aand b€ B.
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coefficients and so does g, as they have the same nonzero coefficients. Similarly, the
Newton polytope of yh does not have points outside the Newton polytope of f nor
on the xz-axis. Then ¢t —t, is an upper bound for the number of nonzero coefficients
of yh and hence of h. O

From Lemma 4 it follows that the total number of nonzero coefficients of poly-
nomials g, h of the forms (6), (8) is bounded by

(t—tz) + (£ —ty). (10)

Thus, since the shape of the Newton polytope of f reflects on the sizes of ¢, ¢,
and t,, (10) allow us to exploit the possible sparsity of f to reduce the number of
variables of the linear system on the coefficients of polynomials g, h satisfying (4)
and (5).

Theorem 6. Let f = Z” a;jx'y’ € Zlz,y], absolutely irreducible over Q with
bidegree (m,n), where m,n > 1. Then f is absolutely irreducible over Z, for every
prime p such that ged(f, fz) =1 in Zp[z,y] and

p> (\/mQ +n? - |\f||2)2t7(tz+ty)71, (11)

where t, t; and t, are as in Lemma 4.

Proof: Since m,n > 1, we have t —t; > 1 and t —t, > 1 and so 2t — (¢ +1t,) > 2.
The case 2t — (t, +t,) = 2 is quite simple. It happens only if f is of the form
ax+by+c, ax™+by" or ax™y"™+b, where a, b and ¢ are nonzero and ged(m,n) = 1.
The first form is trivial. For the other two forms, f remains irreducible over Z, if a
and b are nonzero modulo p. But this is guaranteed, since t —t, =l and t —t, =1
in this case, and so for p satisfying (11) we have

p>Vm? +n?-||flla > H(f) = max{[al, [b]}.

We may henceforth assume that 2¢ — (¢, +t,) > 3. Then estimate (11) is at least
(m* +n?) - [|fll3 > m* +n? > (2m — D)n.

This means that Theorem 2 is applicable over Z,, if p satisfies (11) and if ged(f, fz) =
1in Z,[z,y|. Hence for every such prime p all the solutions of (4) and (5) over Z,
are of the forms (6) and (8). Thus, when considering the linear system for the
coefficients of polynomials g,h € Z,[z,y] satisfying (4) and (5), we only need to
consider polynomials of the form (9). Certainly the same is also true over Q.

Let I = I(Py) denote the set of integral points in the Newton polytope of f and
let g, h € Z[z,y] be of the form (9), i.e.

g= Z bijz' "'y’ and h = Z cijriy’ 1,
(i,5)el (i,5)el
where b;5,¢;; € Z and by; = c;0 =0 for 0 <7 < m and 0 < j < n. Note that I has
t points, g has ¢ — ¢, coefficients and h has t — ¢, coeflicients. Let M be the matrix
of the linear system obtained from PDE (4). By Corollary 3, since f is absolutely
irreducible over Q, M has rank p — 1, where p = 2t — (t; +t,) is the total number
of coeflicients of g and h. Therefore, M has a nonsingular submatrix M,_; of order
p — 1. We wish to bound the size of primes p so that M,_; remains nonsingular
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modulo p. Certainly it is sufficient to have p larger than the determinant of M,_
To estimate the latter, we write down the entries of M explicitly.

Writing f as f = Z akakyl, we have

(k,)eI
9g oo i1 -1
ay (Z akzivy)(z Jbijz" "y )
(k)T G.el
= Z Jagbijat Ry iy Ty~
(i,5)€l
(k,h)el
. ( S Jb>yy
(r,s)e2I i+k=r
j+l=s

(4,9),(k,1)erl

where 21 = I + I is the Minkowski sum of I with itself. Also

Zi = (bell )(Zlakl:ﬁkll)

(i,9)€I (k,\)el
= Z ( Z laklbij>xrysm_1y_1.
(r,s)e21 it+k=r
Jti=s
(2,7),(k, )T
Hence
dg af . s 1 —
90 99, = Z ( Z (]l)aklbij>:cya: T (12)
y y (r,s)e2l i+k=r
Jj+l=s
71) (kel
Similarly,

f%f giz > ( > (ik)aklcij>:rrysx1y1. (13)

(r,s)e2I i+k=r
JjHl=s
(4,5),(k,1)el

Let A, and B,s denote the inner sums in (12) and (13), respectively. Then
PDE (7) becomes

Z (Ars - Brs)mrysx_ly_l = 07
(r,s)e2I
or equivalently,
A,s — B.s =0, forall (r,s) € 2.

For each (r,s) € 2I we obtain a row of M in which there are at most ¢t — ¢,
entries of the form (j — !)ay; corresponding to the coefficients b;; of g and at most
t —t, entries of the form (k —¢)ay; from the coefficients ¢;; of h. Thus the Lo-norm
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of any row of the submatrix M,_; of M is at most

VU0 (-0 < 2 emd) Y,
< vVn2+m? | £l

as 0 < j,l <n, 0<i,k<m,and > a?;, <|fl2. Applying Hadamard’s inequality,
we obtain

p—1 2t—(tp+ty)—1
det(M,-1)| < (Ve +m2-|fl)" = (Ve2em2-fl)

Therefore, for any prime p such that

2t—(to+ty)—1
p> (Va2 | f].) :

M,_1 has nonzero determinant modulo p, which implies that M has rank p—1 over
Z,. By Corollary 3 we then conclude that f is absolutely irreducible over Z,. U

Theorem 1 follows from Theorem 6 and Lemma 7 below.

Lemma 7. Let f € Z[z,y] with bidegree (m,n), where m,n > 1, and let t be the
number of integral points in P(f). If ged(f, fz) = 1 in Q[z,y] and p is a prime

such that oios
p> (Vm2an?|fl2)" (14)

then ged(f, fo) =1 over Z,.

The proof of this Lemma is similar to that of Theorem 6, although we consider a
different linear system. We first introduce some notation. For a nonzero polynomial
f =23 aiz'y’ € Flz,y], where F is any field, we define the weighted degree of
f to be the maximum of the weighted degrees of its terms, where the weighted
degree of a term a;;z'y’ is i + 7j (here 7 = 3.1415...). Since different terms
have different exponent vectors, it follows that all the terms of a polynomial have
different weighted degrees. Also, wdeg(f - g) = wdeg(f) + wdeg(g), for any nonzero

fr9 € Flz,y].

Proof of Lemma 7. Consider the linear system

for— faf1 =0, (15)
where f1, g1 € Z[z,y] satisfy
P(f1) € P(f), wdeg(f1) < wdeg(f), (16)
and
P(g1) € P(fs), wdeg(g1) < wdeg(fs). (17)

Note that if ged(f, fz) = 1 then (15) implies that f | f1 and f, | g1, thus (16)
and (17) can not be satisfied for nonzero f; and g;. Also note that if h = ged(f, 1)
has at least two terms, then the linear system of (15), (16) and (17) has a nonzero
solution, e.g. fi = z®yPf/h and g; = 2*y” f./h, where 2%y” is any monomial in h
different from its leading monomial. To verify that fi,g; is in fact a solution note
that (z*y®)f = fih and so

(@, B) + P(f) = P(f1) + P(h) 2 P(f1) + (a, ),
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by Lemma 5. Hence P(f) 2O P(f1). Besides,

(a+70) + wdeg(f) = wdeg(f1) + wdeg(h) > wdeg(f1) + (o + 7f),

as a + 18 = wdeg(z*y”) < wdeg(h). Thus wdeg(f) > wdeg(f1). Similarly for g;.
Therefore, if the linear system of (15), (16) and (17) has no nonzero solution then
ged(f, f.) must be a monomial z°y?, where s,t > 0.

We write f = E(k,l)e] arpz®yl, where ay; € Z and I = I(f) is the set of integral
points in the Newton polytope of f. Then f, = Z(k,l)el kawz® 1y, Let f; and
91 € Z[z,y] of the forms (16) and (17), respectively, fi = > i</ bi;z'y! and g1 =
(i jyer G’ ty?, where co; = 0, wdeg(f1) < wdeg(f) and wdeg(g1) < wdeg(fz).
Note that f; has at most ¢ — 1 coefficients, as it has weighted degree smaller than
f. Also, since ged(f, f) = 1, P(f) contains at least one point on the y-axis and
so P(f;) has at most ¢t — 1 points. Hence ¢g; has at most ¢ — 2 coefficients. So the
total number of coefficients of f; and g7, which we denote by p, is at most 2¢ — 3.

The linear system of (15), (16) and (17) can be written as
Z (Ars - Brs)xrysmilyil =0,

(r,s)e2I
where
A = Z apci; and B, = Z kagib;;.
i+k=r i+k=r
j+l=s Jjtl=s
(4,5),(k,D)ET (4,9), (kD)€L
Therefore,

Ars*BTs:(), V(T,S) € 21.

Let M be the coefficient matrix of the system above. For each (s,t) € 2I
we obtain a row of M in which there are at most ¢ — 2 entries of the form ay;
corresponding to the coefficients c;; of g1 and at most ¢t — 1 entries of the form
—kay, corresponding to the coefficients b;; of fi. So the Lo-norm of any row of M

is at most
Vet + Yk = /S0 kad, < Ve mElfle, (18)

as k <mand Y a?; < || flz.

Since ged(f, fz) = 1 in Q[z, y|, the linear system has no nonzero solution. So M
has a nonsingular submatrix M, of order p. By Hadamard’s inequality, the absolute
value of the determinant of M, is at most

(\/m ||f|\2)p < (\/m ||f|\2)2t_3,

Therefore, for any prime p satisfying (14), M, has nonzero determinant modulo
p, so the linear system has no nonzero solution modulo p and thus ged(f, f.) over
Zy is a monomial xSyt for some s,t > 0.

Since ged(f, fz) = 1 in Q[z,y], f and f, have no nonconstant common factor
over Q, particularly no nonconstant monomial factor. Note that any p satisfying
(14) is greater than H(f) and H(f,), and so the Newton polytopes of f and f,
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modulo p remain the same. Hence f and f, cannot have a common nonconstant
monomial factor in Z,[x,y]. Therefore, gcd(f, fz) =1 in Zy[z, y]. d

Remarks. (i) In the proof above, the Ly-norm in (18) of a row of the matrix
M can be alternatively estimated as

VX @t Y ke, < V- HG? T mA - DH(?
< JaTmdE-1)-H(f),

since |ag;| < H(f), and there are at most ¢t — 2 elements in the first sum and ¢ — 1
in the second. Hence Lemma 7 holds with

2t—3

p> (V)= 1) H()) (19)

replacing (14). Together with a similar change in the proof of Theorem 6, we
obtain that (19) is also a lower bound for good primes. Note that (19) is a slight
improvement of estimate (3). It also improves (2) in the special case when f has ¢
nonzero coefficients with the same absolute value.

(ii) We should also mention that Lemma 7 can be generalized to the following
result for any two polynomials, with a slight modification on its proof.

Proposition 8. Let f,g € Z[x,y] be any nonzero polynomials with ged(f,g) = 1.
Then ged(f,g) =1 in Zylx,y] for all primes p satisfying

(t1+t2—2)/2
p> (IfI5+llglls) ™ "7,

where t1 and to denote the numbers of integral points in the Newton polytopes of f

and g, respectively.

3. EXAMPLES

In the derivation of bound (2) in the previous section, we see that it guarantees
that the rank p — 1 of the matrix M of the system obtained from PDE (4) is
preserved modulo p, where p is the number of variables in the system. Indeed,
bound (2) assures that every (p— 1) x (p — 1) nonsingular submatrix of M remains
nonsingular when reduced modulo p. However, for a polynomial f to have a good
reduction at p it is sufficient that one of these submatrices remains nonsingular.
For a given polynomial f, since M is integral we may compute its Smith normal
form, and its invariant factors tell us precisely how the rank of M changes when
reduced modulo p. In particular, primes of bad reduction must divide the largest
invariant factor of M, so if a prime p that does not divide it then p is good for f.

As examples, we consider polynomials of the form f =ax +bx® +cy+dzy? €
Z|z,y], where a,b,c and d are nonzero. The Newton polytope of f is shown in
Figure 2 and we see that it has ¢ = 7 integral points. When f is absolutely
irreducible over Q, Theorem 1 guarantees that for any p > (v/13-||f||2)!?, it remains
absolutely irreducible over Z,.

For this f, polynomials g, h € Z,[z, y] of the form (9) can be written as
g = b10 +b201¢+b301‘2 +b11y+b21xy+b12y2,
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.
0 1 2 3 4

Fig. 2: The Newton polytope of f.

and
h = co1 + c11T + c21 2% + c12 Y.
So g and h together have 10 coefficients (unknowns):
b1o, b2, b3, b11, bo1, b12, co1, €11, C21, C12.

With the unknowns in this order, the coefficient matrix of the linear system is given
by

¢ 0 O 0 0 —a 0 0 0 7
0 0 O d 0 0 0 0 0 0
0 0 O 0 0 —c —d 0 0 c
0O 0 0 —=b O 0 -2b 0 0
0 0 O 0 d 0 0 d 0

M- 0 24 0 O 0 0 0 0 0 0
0o 0 o0 0 -=b 0 0 -b 0
0 0 2d 0 0 -2b O 0 0 —2b
0O 0 0 0 0 c 0
0 0 0 —a O -3b 0 a 0
0 c —a 0 0 0 0
1 2d 0 0 O —2a 0 0 2¢ 0 |

In particular, let us consider the following instances of f:
fi =z + 23 — 2001y + zy?,
fo=x+2*+ 2001y — zy?,

and
fs =z + 20012 —y — xy?.

These polynomials are absolutely irreducible over the rationals, since for each of
them M has rank 9. They have the same Euclidean norm: 1/4004004.
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For polynomial f;, M has invariant factors
1,1,1,1,1, 1, 1, 2, and 32048032008,
where the largest has factorization
32,048,032,008 = 2% - 3- 23 - 29 - 2002001.

Hence f; has a good reduction at all primes p different from 2, 3, 23, 29 and
2002001. Note that

f1 = (z —2001y)(z? + 2001zy +1) mod 2002001,
fi=z(@® 4y’ +1) mod 29, 23, 3,
fi=@+y)(z®+zy+1) mod 2.

So the prime divisors of the largest invariant factor of M are all bad for f;.

For fs, the invariant factors of M are:
1,1,1,1,1, 1, 1, 2, and 32048016000,
and the largest is quite smooth:
32, 048,016,000 =27 -3-5%.7-11-13-23-29.
We have
fo=z(2* —y*+1) mod 29, 23, 3,
fo=(z—y)(@*+zy+1) mod 13, 11, 7,
fo=(x+y)@® —zy+1) mods,
fo=(z+y)(z*+zy+1) mod 2.

Hence all the prime divisors of the largest invariant factor of M are bad for fs,
and any other prime is good. In particular, fo has a good reduction at all primes
p > 29.

For polynomial f3, the corresponding matrix M has a much smaller invariant
factor:

8,000 = 26 . 53.

So f3 has a good reduction at all primes p > 5, and the only bad primes are 2 and
5:

(x —y)(z® + 2y +1) mod 5,
(x+y)(x® + 2y +1) mod 2.

fs
fs

Finally, for the polynomial f = 2% 4 ¢ + 3z*y® mentioned in the introduction,
the invariant factors of M are:

1,1,1,1,1,1,1,1,1,1,1, 1,1, 1, 2, 2, 12, 24, and 48 = 2* - 3.

So 2 and 3 are the only possible bad primes for f. However, the Newton polytope of
f mod p is always indecomposable (when p = 3, it becomes a line segment), hence
f remains absolutely irreducible modulo p for every prime p. So this polynomial
has a good reduction at all primes!
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These examples indicate how the size of good primes (or equivalently the size of
bad primes) may vary, even for polynomials of the same shape and Euclidean norm.
Some polynomials may have really large bad primes, some may have many small
bad primes, while others none at all. Our bound (2) gives an upper bound for all
possible bad primes of polynomials with the same shape and the same Euclidean

norm.
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