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Abstract. A rational function R(z,y) over a field is said to be associative if
R(R(z,y),z) = R(z, R(y, z)). Associative rational functions over a field define group
laws on subsets of the field (plus the point at infinity). In this paper, all the as-
sociative rational functions of two variables over an arbitrary field are determined
and consequently all the groups obtainable from such functions are determined as
well.

1 Introduction and main results

Let IF be any field. Trivially the polynomial z + y defines, via substitution, a
group operation (or group law) on IF, and the polynomial 2y defines a group
operation on IF\ {0}. Further, it is well-known that the polynomial z +y —1
also defines a group on IF and that the polynomial z +y + xy defines a group
on IF\ {—1}. It is natural to ask for other such polynomials f(z,y) € IF|z, y]
or even rational functions R(z,y) € IF(z,y) which define group operations
on subsets of IF. More generally, one may consider formal power series in two
variables and this leads to formal groups of dimension one which are closely
related to elliptic curves [6]; see also [4] for formal groups of higher dimension.

We are interested in determining rational functions over IF that can be
used to define group laws on some subsets of IF. Let R(x,y) € IF(z,y) be any
rational function. We say that R(z,y) is associative if the equation

is valid in IF(z, y, 2), the rational function field with distinct variables z, y, z.
A rational function R;(w,y) is said to be equivalent to R(z,y) if there is a
linear fractional map f(x) = (ax+b)/(cx +d) € IF(z), ad — be # 0, such that

Ri(z,y) = f~H(R(f(2), f(¥) ()
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where IF denotes the algebraic closure of IF and f~!(z) = (—dz+b)/(cx—a) is
the inverse of f. For example, x+y+xy is equivalent to zy under f(x) = z+1.
It is easy to check that R;(x,y) is associative iff R(x,y) is. This defines an
equivalence relation on associative rational functions over IF. The functions
x,y,x + y,x + y + xy are associative but not equivalent to each other. One
of our main goals is to show that they represent all the associative rational
functions over IF.

Theorem 1. Let IF be any field. Then any nonconstant associative rational
function in IF(z,y) is equivalent to exactly one of x,y,z +y and x +y + xy.

Remark. In defining the equivalence above, we could have allowed f to be
any rational function in IF(z) whose compositional inverse is also a rational
function in IF(x), that is, f is an automorphism of the field IF(z) fixing TF.
But the only automorphisms of IF(z) that fix IF are linear fractional maps.

With this theorem, we can determine all groups whose elements are from
IF and whose group laws can be defined by rational functions over IF. In the
first place, if G is any finite group of order < |IF| and S is any subset of IF
with |S| = |IF|, then it is well-known that any one-to-one correspondence be-
tween S and G can be used to define a group law on S for which S and G are
isomorphic. Further, this group law for S can always be defined by means of
a polynomial f(z,y) obtained by Lagrange interpolation (for two variables);
thus, every finite group of order < |IF| is possible. However, the polynomial
f(z,y) may not be associative in the above sense and classifying such polyno-
mials amounts to classifying finite groups, which is certainly a hard problem
with a nature different from that of an infinite S. We do not intend to pursue
the case of a finite S in this paper, but instead will concentrate on infinite S.

Henceforth it is assumed that S is infinite (subset of IF) with its group
law defined by a rational function R(z,y) (i.e. for a,b € S, a-b = R(a,b)).
Since a group law is associative, we have

R(R(a,b),c) = R(a, R(b,¢)) for all a,b,c € S. (3)

By using the fact that S is infinite, one can show that (3) implies (1).
So R(z,y) must be associative and, by Theorem 1, is equivalent to one of
z,y,% + y,x + y + xy. But none of z or y can define a group so R(z,y) is
equivalent to x + y or  + y + xy. The linear fractional map that defines the
equivalence induces an isomorphism of S to some subgroup of the additive or
multiplicative group of IF. We will show that the linear fractional map can
be defined over a quadratic extension of IF, so S is in fact isomorphic to a
subgroup of the additive or multiplicative group of a quadratic extension of
IF.

Theorem 2. For any infinite subset S of a field IF, if S is a group defined by
a rational function over IF then S is isomorphic to a subgroup of the additive
or multiplicative group of a quadratic extension of IF.



We should remark that when using a rational function to define a group
law, it is necessary to use co, the point at infinity (or use the projective space
IP!(IF)). Here we adopt the usual convention that, for a,b,c,d € IF,

aoo+b_a

=— f
coo+d ¢ or ¢ 70,
b
gzid:oo for ad # 0 and ¢ =0,
%:oo for a # 0.

We give below two examples of groups which can be verified directly. We
denote by IF; a finite field of ¢ elements. Example 3 comes from the proof of
Lemma 12, while Example 4 is a special case of Lemma 11.

Ezample 3. Let IF = TF5(t?) where t is transcendental over IFp, S = IF and
R = (zy+t%)/(x +y). Then R is equivalent to x +y and R defines a group
on S isomorphic to the additive group

1
——:helF
{h+t © }
of IF4(t), a quadratic extension of IF = IFy(#?). Note that the group isomor-
phism is defined by f = 1/(z + t).

Example 4. Let R = (zy —1)/(x +y+ 1) € Fy(z,y) where ¢ is a power of a
prime > 3. Let w be a root of X2 4+ X + 1. Then R is equivalent to zy under
the linear fractional map f(z) = (1 —wz)/(x +w+1). Depending on whether
w lies in IFy, we have the following two cases.

(a) Suppose ¢ — 1 is divisible by 3. Let S = (IF, U {oo}) \ {w,w?}. Then R
defines a group on S isomorphic to the multiplicative group of IF, with
the isomorphism defined by f(z).

(b) Suppose ¢ — 1 is not divisible by 3. Let S = IF, U {oco}. Then R defines
a group on S isomorphic to the unique subgroup of order ¢ + 1 of the
multiplicative group of IF 2 with the isomorphism defined by f(z).

We should mention the related results in formal groups. If one is allowed
to use formal power series for f then = + y and z 4+ y + 2y can be obtained
from each other. Indeed if the characteristic of IF is zero then

c+y+ay=f(f(@)+ fy)

where
z? 23 1 z"
_ 22 23 "



In general, a formal power series R(z,y) € IF[[z,y]] is called a formal group
if R(z,y) = x + y + (terms of orders > 2) and R(zx,y) is associative (i.e.
satisfying (1). When the characteristic of IF is zero, it can be proved that
every formal group R(z,y) € IF[[z,y]] is equivalent to = + y via a formal
power series f € IF[[z]] defined by some generalized logarithm associated
with R(z,y); see [6, Proposition 5.2, p. 122] or [4, Corollary 5.4.4, p. 31].
Our result shows that all the formal groups that are rational functions are
equivalent to either = + y or = + y + xy with the equivalence defined by
rational functions, instead of formal power series. Note that determining all
the formal groups that are polynomials is much easier as indicated by the
exercise in [4, p. 2] and Theorem 1.1 in [3, p. 12]; see also Lemma 5 in the
next section.

Our interest in this paper was motivated by the work in [1,2,5] where it
is desirable to construct irreducible polynomials of higher degrees from those
of lower degrees. In [1], Brawley and Carlitz introduce a so-called diamond
operation on a subset of a field and use this operation to form composition of
polynomials. When the diamond operation defines a group law on the subset
then composition of irreducible polynomials gives irreducible polynomials un-
der certain conditions. In [2], it is shown that composition of polynomials can
be computed efficiently if the diamond operation is defined by a polynomial
or a rational function.

For the rest of the paper, we prove Theorem 1 in Section 2 and Theorem
2 in Section 3 .

2 Associative rational functions

We start with the easy case when R(z,y) is a polynomial; its proof involves
the basic ideas that are used in the general case when R(z,y) is an arbitrary
rational function.

Lemma 5. Let R(z,y) € IF[z,y| be a nonconstant polynomial. If R(z,y) is
associative then R(xz,y) is equivalent to one of z,y,z +y,x + y + zy.

Proof. Suppose R(z,y) = > ¢;;z'y?. The associativity of R implies
> ci(R(z,y))' =) ciya'(R(y, 2)).

Let m be the degree in x of R(x,y). Then comparing the degrees in z in the
above equation gives m? = m, so m must be 0 or 1. Similarly, the degree
in y of R(z,y) is also at most 1. Hence we may assume that R(z,y) =
axy + bx + cy + d where a,b,c,d € IF. Then

R(R(z,y),2) = a*zyz + abry + abrz + acyz + bz + bey + (ad + ¢)z + (b + 1)d
R(z,R(y, 2)) = a*xyz + abxy + acxz + acyz + (ad + b)x + bey + 2 + (¢ + 1)d.



Comparing the coefficients gives
ab=ac, b*=ad+b, ad+c=c* (b+1)d= (c+1)d.
First assume a # 0. Then b = ¢ and d = (¢* — ¢)/a, so
R(z,y) = azy + c(z + y) + (¢* — ¢)/a.

Let f(z) = (r —c+1)/a. Then z +y+xy = f~ 1 (R(f(x), f(y))). This means
that in this case R(z,y) is equivalent to x +y+2y under f~1(z) = ax+c— 1.

Assume now @ = 0. Then b?> = b and c? = ¢. If b # ¢ then d = 0. Hence
the only choices for R are x,y,x + y + d. The latter is equivalent to = + y
under the map f =z +d. O

In general let R(x,y) be any associative rational function over IF, say
R(z,y) = F(z,y)/H(z,y) where F(z,y), H(z,y) € Flz,y] and ged(F (z, y),
H(z,y)) = 1. The associativity of R gives a polynomial equation. Similar to
the above argument, we shall compare the degrees of x and y in this equation
and prove that both F(z,y) and H(z,y) have degree at most one in = and y
separately. Then we reduce R to special forms and eventually to polynomials
by linear fractional maps. Since the proof is a little lengthy, we break it into
several lemmas.

The following lemma seems interesting by itself, as it says that relatively
prime polynomials remain relatively prime when their variables are substi-
tuted by other polynomials.

Lemma 6. Let F(z,y), H(z,y) € IFlx,y] with gcd(F (z,y), H(z,y)) =1 and
degrees fz,h, in x, respectively. Let x1,...,x,,z be distinct variables and let
a,b € Flz1,...,z,] with a/b € F and ged(a,b) = 1. Then

b'e F(a/b,z), b H(a/b,z)
are polynomials in IF[xy,...,x,, 2] and are relatively prime.

Proof. We can view F(z,y), H(z,y) as univariate polynomials in y with coeffi-
cients in IF(x), the rational function field in x. Since gcd(F'(z,y), H(z,y)) =1
in IF[z, y], we still have ged(F(z,y), H(x,y)) = 1in IF(z)[y]. By the Euclidean
algorithm, there are polynomials Uy, Vy € IF(x)[y] such that

UgF +VpH = 1.
By eliminating the denominators in Uy, Vi, we have
UF+VH=W (4)

for some U,V € F[z,y] and W € IF[x] with W # 0. Let £ = f, and m = hy,
be the degrees in z of F(z,y) and H(x,y), respectively. In (4), replacing x
by a/b and y by z and eliminating the denominators, which are powers of b,
we have

Ui A+ ViB = b'W(a/b) (5)



where A = b'F(a/b,z), B = b™H(a/b,z), Uy,Vi € Flxy,...,7,,2] and
bW (a/b) € F[x1,...,z,]. It follows that C = gcd(A, B) must divide b*W (a/b),

as polynomials in IF[x1, ..., x,, 2]. Since a/b is not a constant in IF, we have
b'W(a/b) #0. So C € FF|xy,...,2,] and thus C divides all the coefficients of
A, B as polynomials in IF[z, ..., z,][2].

Let’s examine the coefficients. Suppose

F(z,y) = Fy(z)y" + - + Fi(z)y + Fo(z)
H(z,y) = Hp(2)y™ + -+ -+ Hi(x)y + Ho(x).

Then

A =0b"Fy(a/b)zt +--- + b Fy(a/b)z + b*Fy(a/b)
B=b"Hy(a/b)z™ + -+ b"Hy(a/b)z + b™ Hp(a/b).

Since ged(F(x,y), H(z,y)) =1 in F[z, y], the coeflicients
Fy(x),...,Fi(z), Fo(z), Hn(x), ..., Hi(z), Ho(x)

must be relatively prime. Replacing = by a/b in these polynomials and elimi-
nating denominators gives the coefficients of A and B. By a similar argument
above via the Euclidean algorithm, we see that any common divisor of the
coefficients of A and B together must divide a power of b. Since £ = deg F;(x)
for some 1 < i < ¢ and ged(a,b) = 1, we have ged(b*F;(a/b),b) = 1. Hence
the coefficients of A and B must be relatively prime and C' must be a con-
stant in IF. O

Lemma 7. Let R(z,y) = F(z,y)/H(z,y) where F(x,y),H(z,y) € Flz,y]
with ged(F(x,y), H(x,y)) = 1. Denote by fs, f, the degrees of F(z,y) in x,y
separately, and similarly hy, hy for that of H(x,y). If R(z,y) is associative
then hy < fp <1 and hy < f, < 1.

Proof. The associativity of R(x,y) means that

F(R(z,y),2) _ F(z, R(y,z))
H(R(z,y),z)  H(z,R(y,z))

i.e.

F(R(z,y),2)H(z, R(y, 2)) = H(R(x,y), 2) F(z, R(y, 2))-

To eliminate the denominators, let

A= H(z,y)"*F(R(z,y),z), B=H(y,2)"H(z, R(y,z)) (6)
C =H(z,y)" H(R(z,y),2z), D=H(y,2)""F(z,R(y,2)). ()

Then A, B,C,D € F|z,y, z] and

H(z,y)"*H(y,z)""AB = CDH(x,y)*H(y, z)". (3)



We shall prove that h, < f, < 1; the proof of hy < f, <1 is similar.
Since ged(F(z,y), H(x,y)) = 1, we have

ged(A, H(z,y)) =1 and ged(C, H(z,y)) = 1.
By Lemma 6, we also have gcd(A4,C) = 1. It follows from (8) that
A|DH(y,2z)" and C|BH(y,z)". 9)
Consider the degrees in z of the polynomials in (9). Certainly,

deg, D H(y,z)" = deg, D = f, and deg, B H(y,z)’» = deg, B = h,.

(10)
To find the degrees of A and C' in x, suppose
Fz,y) =Y ai(y)z’, H(z,y) =Y bj(y)a’ (11)
i=ig J=jo

where a;(y),b;(y) € IF[y], a;(y) # 0 for i = ig or f, and b;(y) # 0 for j = jo
or hy. Then

fa ha
A= Z ai(2)F(z,y) H(z,y)=~¢ C= Z b;(2)F(z,y) H(z,y) =7 (12)

1=ig Jj=jo
Now the degree in x of F(x,y)" H(z,y)*" is

ifo +ha(fo —1) = hafo +i(fo —ha), 10 <i< fa, (13)

and that of F(x,y) H(zx,y)" 7 is

First assume f, > h,. Then deg, A = f2. By (9) and (10), we have
f2 < fu, 50 fr < 1. In this case, we have h, =0 and f, = 1.

Next assume f; = h,. Then all the values in (13) and (14) are equal to
h2. Denote n = h2. We need to find the coefficient of 2™ in A and C. Note
that the leading coefficient of  in F(z,y) is ay,(y), denoted by a(y), and
the leading coefficient of x in H(x,y) is by, (y), denoted by b(y). By (12), the
coeflicient of ™ in A is

fa
> as@hati) v = v (5.2 (19
and the coefficient of z” in C is
he
> byJaluy o) =) (.2, (16)

Jj=Jjo



Since ged(F(z,y), H(z,y)) = 1, the polynomials in (15) and (16) can not
both equal to zero. Hence A or C has degree n in x. In either case, it follows
from (9) and (10) that n = h2 < h,. So f, = h, < 1.

Finally assume f, < h,. We have from (13) that

deng:iOfm +hw(fx _iO)- (17)
This and (9) imply that
isz + h:l:(fm - Z.O) S fa;

Since h, > f., it follows that f, —io = 0 and thus f2 < f,. Hence f, < 1
and deg, A = deg, D = f,. Considering the degrees of z in (8), we have

h% + deg, B = deg, C + hy f..

By (9), deg, B > deg, C, thus h,f, > h2. But hy > f. >0, so fr > hy,
impossible as f, < h, by our assumption in this case. a

Lemma 8. Suppose

UITY + U2® + U3Y + Ug
V1TY + V2 + U3y + vy

R(z,y) = € IF(z,y) (18)

is associative. Then R(z,y) is equivalent to a polynomial or one of the fol-

lowing
UITY + U2X + UY + Uy UITY + U2X + UY + Usg

Vo + V3Y ’ z—y+1
(With possibly different values of u’s and v’s.)

(19)

Proof. We first assume that v; # 0. Let f(z) = a + 1/2. Then f~l(x) =
1/(x — a). Note that

ui(a+1/z)(a+1/y) + uz(a+1/z) +us(a+1/y) + uy
vi(a+1/z)(a+1/y) +v2(a+1/x) +vs(a+ 1/y) + vs
up(azy + a(z +y) + 1) + ugy(az + 1) + ugz(ay + 1) + ugzy
vi(a?zy + a(x + y) + 1) + vay(az + 1) + vsz(ay + 1) + vazy
(ura® + uga + uza + ug)zy + (ura + uz)z + (ura + ug)y + uy
(v1a? + vea + vsa + v4)xy + (via + v3)T + (via +ve)y + vy

R(f(2), f(y)) =

and so

(v1a% + voa + v3a + va)zy + (via + v3)z + (via + ve)y + V1

fH (R (@), f) = (—v1a3 + (ug —ve —v3)a? + (ug + uz —v4)a + ug)zy + E

where

E = (—vla2 + (ug —vs)a+us)zr+ (—vla2 + (ug —ve)a+us)y+us —avy. (20)



Taking a to be a root of the polynomial
—1)1X3 + (u1 — Vg — ’U3)X2 + (u2 + uz — U4)X + uyg (21)

will yield a new R with v; = 0.

Hence we may assume that vy = 0 for our original R. We may further
assume that vy # 0, otherwise it is of the first type in (19) already. Let
f(z) = azx + b. Then

ui(az + b)(ay + b) + us(az + b) + ug(ay + b) + uy
va(az +b) + v3(ay + b) + vy
walzy + - -
 wvax + vzay + (vo +v3)b + vy’
u1axy + - - -
veax + vzay + (vo +v3)b+ vy

R(f(x), f(y)) =

FHR(f (), f(y) =

If vo + vz # 0 then we can take b = —vy4/(v2 + v3) and R is equivalent to
the first type in (19). Suppose vy + vz = 0, i.e. v2 = —v3. If v = 0 then R
is already a polynomial. But if vo # 0 then we can take a = v4/vy and R is
equivalent to the second type in (19). O

Lemma 9. Let R be associative of the first type in (19). If R is not a poly-
nomial then R must be of the form

Ty +u
z+y

which is indeed associative.

Proof. Assume vy # 0; the proof is similar if v3 # 0. Then R can be rewritten

* R:ulxy+uQx+U3y—|—u4 _ F(z,y)

T + vy H(z,y)
where F(z,y) = w12y + usx + ugy + ug and H(z,y) = x + vy. Since R is not
a polynomial, ged(F(z,y), H(z,y)) = 1. Note that

o ule(xvy) + U2F(xay) + UgZH(.’ﬂ,y) + u4H(m,y) _ é
it y).2) = Fle,) + vl () “C
_ ule(ya Z) + usz(y,z) + U3F(y, Z) + ’U,4H(y,Z) _ E
it Rl 2) = eH(y,2) + vF (1. 2) D

where A, B,C, D are the corresponding numerators and denominators. By
Lemma 6, gcd(A,C) = 1 and ged(B, D) = 1. So the equation A/C = B/D
implies that C' = dD for some constant d € IF. If v = 0 then D = zH (y, z) =
xzy and C' = F(x,y) = z, impossible for C = dD. Hence we may assume that
v#0. As

C =uzy +vzz + v2yz + UsT + U3y + Ug
D = zy + vzz + vuryz + vugy + vusz + vug.



Comparing the coefficients of z,y gives us = 0 and uz = 0. Then by the
coefficients of zy, xz and yz we have
u; =d, v=dv, v? = dvug.
Since v # 0, it follows that d = uy; = 1 and hence v = 1. Therefore R is the
required form.
Lemma 10. Let R be associative of the second type in (19). If R is not a
polynomial then R must be of the form
Ty + U
z+y+1
which is indeed associative.

Proof. Let F(z,y) = uizy + u2x + usy + ugq and H(z,y) = ¢ —y + 1. Since
R is not a polynomial, gcd(F(z,y), H(x,y) = 1. Similar to above,

ule(fL‘,y) + U‘?F(may) + ngH(.’E,y) + u4H(:1c,y) A

wizF(y, z) + uazH(y, 2) + usF(y,2) + uaH(y,2) _ B
l‘H(y,Z)fF(y,Z)%*H(y’Z) D
By Lemma 6, gcd(A4,C) = ged(B, D) = 1. So C = dD for some d € IF. A
C=uwzy—2zz4+yz+ (ua+Dz+ (us—Dy—z+us+1
D=zy—zz—wyz+z+ (1 —u)y— (us+ 1)z —ug + 1,

R(CL‘, R(yv Z)) =

comparing the coefficients of xy, zz, yz gives
uy=d, —1=—-d, 1=—du.

So d =wu; =1 and 2 = 0, which means that the characteristic of IF' is 2. Now
the coefficients of x,y give

U2+1:d, U3—1:d(—U2+1).

So us = uz = 0 and R is the required type. a
Lemma 11. Every rational function of the form
Ty + U
r+y+v

s equivalent to xy.

Proof. Let a,b be the two roots of the polynomial X? — vX —u and f =
(x 4+ a)/(x +b). Then one can check directly that the function in the lemma
is equal to f~1(f(2) - £(1)). 0
Proof of Theorem 1.Let R € IF(x,y) be any associative rational function.
By Lemma 7, R must be of the form (18), hence equivalent to a polynomial
or one of the two types in (19). In the latter case, by Lemmas 9 and 10, R
must be of the form in Lemma 11, which is equivalent to zy thus to x+y+zy.
Therefore R is equivalent to z,y,x +y or x + y + zy by Lemma 5.

10



3 Determining the groups

This section is devoted to proving Theorem 2.

Before we proceed to the proof, we make some general remarks. Suppose
that f: S — G is any bijection of sets and (G, -) is a group. Then one can
define a group law on S as follows:

a-b=f"1(f(a)- f(b)), Va,beS. (22)

Here f is automatically a group isomorphism from S to G. On the other hand,
if S already has a group law that satisfies (22) for some bijection f : S — G
then f is a group isomorphism from S to G.

Now let S be an infinite subset of IF U {oo} where TF is a field. Suppose
that a group law on S is defined by a rational function R € F(z,y), i.e.
a-b = R(a,b) for a,b € S. By Theorem 1, R is equivalent to x + y or zy
via some linear fractional map f € IF(x), i.e. R(z,y) = f~1(f(x) + f(y)) or
FH(f(2)f(y)). Hence

a-b=R(a,b) = f~'(f(a) + f(b)), Va,be S

or

a-b=R(a,b) = f(f(@)f(), Va,beS.

Let G = f(S) C TF. Then G is an additive subgroup of IF in the first case
or a multiplicative group of IF in the second case. Obviously G is in the
same extension of IF as that defining the map f. From the polynomial (21),
it seems that one may need to go to a cubic extension of IF to find the
coefficients of f. We prove that this is not the case and indeed a quadratic
extension of IF suffices. Consequently S is isomorphic to a subgroup (additive
or multiplicative) of a quadratic extension of IF, hence Theorem 2 is proved.

It remains to prove that the equivalence of R can be realized by a linear
fractional map over a quadratic extension of IF. This is done by the next two
lemmas.

Lemma 12. Suppose R € F(z,y) is equivalent to x + y. Then the equiv-
alence can be defined by a linear fractional map over IF, except when the
characteristic of IF is 2 and IF is not perfect in which case a required linear
fractional map can be found in a quadratic extension of IF.

Proof. Suppose R(z,y) = f~1(f(z) + f(y)) where f = (az + b)/(cx + d)
with a,b,¢,d € IF and ad — bc # 0. First assume that ¢ = 0. Then f can be
rewritten as f = ax + b for some a,b € IF with a # 0. In this case,

R=f""f(x)+ f(y)) =z +y+b/a.

As R € F(z,y), we have b/a € IF. Let ¢ = x + b/a. Then we have R =
g H(g(x) + g(y)) so the equivalence is defined by a linear map over IF.
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Now assume ¢ # 0. Then f can be rewritten as as f = (az +b)/(z + d)
for some a,b,d € IF with ad — b # 0. Note that

(b — 2ad)zry — ad?(x + y) — bd?
azy + b(z +y) + 2bd — ad?

R=f""(f(x)+ f(y)) =

There are two cases depending on a = 0 or not. Suppose a = 0. Then b # 0
(as ad — b # 0), and

B bxy — bd? B zy — d? c
bz +y)+2d z+y+2d

So 2d,d* € TF. If char(IF) # 2 then 2d € IF implies that d € F. If char(IF) = 2

and IF is perfect then d? € IF implies that d € IF. In both cases f is defined

over IF. If char(IF) = 2 but IF is not perfect then d may not be in IF but

always in a quadratic extension of IF; See Example 3 for an instance.
Suppose a # 0. Then R can be rewritten as

IF(z,y).

b 2d)xy — d*(x +y) — bd?
R= (@ im‘y (@ yb) 2 ¢ IF(x,y).
ry+ 2(x+y) +2d2 —d?

Hence -

-, ——2d, d® €TF.

a’ a
This implies that d € IF except when char(IF) = 2 and IF is not perfect.
The proof is finished by noting that R = g~!(g(x) + g(y)) where g = (z +

b/a)/(z + d). O

Lemma 13. Suppose that R € IF(x,y) is equivalent to xy. Then the equiv-
alence is defined by a linear fractional map over a quadratic extension of
IF.

Proof. Suppose R(z,y) = f~'(f(x)f(y)) where f = (azx 4 b)/(cz + d) with
a,b,c,d € IF and ad — bc # 0. If ¢ = 0 then f is of the form f = ax + b with
a # 0 and

R ="' (f(2)f(y)) = azy + b(z +y) + (b* — b)/a.

Since R € IF(x,y), we have a,b,€ IF, so f € IF(x).

Hence we may assume that ¢ # 0. Then f can be rewritten as f =
(az 4 b)/(z + d) for some a,b,d € IF with ad — b # 0. One can check directly
that
(b—a?d)zy — bd(a — 1)(x +y) — bd(b — d)

(a2 —a)zy + a(b—d)(z +y) + b2 — ad?
If a = 0 then we see easily that b,d € IF and so f is defined over IF. If a = 1
then

R=f"'(f(2)f(y)) =

(23)

xy — bd

=—"2 = T .
az+y+b+de (@.y)
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Hence bd,b+ d € IF and thus b, d are in a quadratic extension of IF. We may
now assume that a # 0 or 1. Then (23) may be rewritten as

b—a’d bd bd b—d
a?—a TY — 7(1’ + y) " a a—1

9cy—|—%(ac—i-y)—|—M

a?—a

Since R € IF(z,y), we have

b—d bd b—a%d b —ad?

cTIF.
a—1" a’ a?—a’ a2—-a

If a = —1 then bd,b — d € TF so b, d are in a quadratic extension of IF. Hence
we may further assume that a # —1. Let

b—d=ci(a—1), a’d—b=cy(a®—a)

where ¢y, ¢y € IF. Then

b=

1
a+1(61a+02), d= a+1(61 +Cga).

Note

bd 1
—= m(qa—i—@)(q + coa) € FF.

Let ¢c3 = bd/a € IF. Then we see that a is a root of the quadratic polynomial

Cg(X + 1)2 — (61X + CQ)(Cl + CQX) S ]F[X]

So a,b,d all lie in a quadratic extension of IF. This proves that f is always
defined over a quadratic extension of IF. a
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