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€ 

min 4x1 + 3x2
s.t.  3x1 + 2x2 ≥12

x1 + x2 ≥ 5
x1 + 4x2 ≥ 8
x1 ≥ 0, x2 ≥ 0

Is x = (4, 1) Optimal? 
– it is feasible: first constraint holds 
with >, the other two hold with = 

– x1 > 0, x2 > 0, x3 > 0 so by CS 
   u4 = 0, u5 = 0, u1 = 0  

and its dual (with slacks u4 and u5 added):

max 12u1 + 5u2 + 8u3

s.t. 3u1 + u2 + u3 + u4 = 4

2u1 + u2 + 4u3 + u5 = 3

u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Alternatively, the dual is written below in terms of its column vectors:

max 12u1 + 5u2 + 8u3
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u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Observe that each column vector is the normal vector of the corresponding

constraint in the primal. Dual feasibility requires that the cost vector

�
4

3

�

must be a nonnegative linear combination of the normal vectors of the con-

straints in the primal. Since the dual problem has only two constraints, a

basic dual solution will express the cost vector as a nonnegative linear com-

bination of at most two normal vectors of primal constraints.

Let x3, x4, x5 be the primal slack variables for constraints 1, 2, 3 respec-

tively. Notice that x1 and x2 are the slack variables for constraints 4 and 5

respectively.

The complementary slackness conditions are written as follows:

u1(3x1 + 2x2 − 12) = 0

u2(x1 + x2 − 5) = 0

u3(x1 + 4x2 − 8) = 0

u4(x1) = 0

u5(x2) = 0

or in terms of primal slack variables as

u1x3 = 0

u2x4 = 0

u3x5 = 0

u4x1 = 0

u5x2 = 0
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min 4x1 + 3x2
s.t.  3x1 + 2x2 ≥12

x1 + x2 ≥ 5
x1 + 4x2 ≥ 8
x1 ≥ 0, x2 ≥ 0

Is x = (4, 1) Optimal? 
– it is not optimal: the vector c does 
not lie in the cone spanned by the 
(inward pointing) normals of the two 
binding constraints. 

and its dual (with slacks u4 and u5 added):

max 12u1 + 5u2 + 8u3

s.t. 3u1 + u2 + u3 + u4 = 4

2u1 + u2 + 4u3 + u5 = 3

u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Alternatively, the dual is written below in terms of its column vectors:

max 12u1 + 5u2 + 8u3

s.t.
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u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Observe that each column vector is the normal vector of the corresponding

constraint in the primal. Dual feasibility requires that the cost vector

�
4

3
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must be a nonnegative linear combination of the normal vectors of the con-

straints in the primal. Since the dual problem has only two constraints, a

basic dual solution will express the cost vector as a nonnegative linear com-

bination of at most two normal vectors of primal constraints.

Let x3, x4, x5 be the primal slack variables for constraints 1, 2, 3 respec-

tively. Notice that x1 and x2 are the slack variables for constraints 4 and 5

respectively.

The complementary slackness conditions are written as follows:

u1(3x1 + 2x2 − 12) = 0

u2(x1 + x2 − 5) = 0

u3(x1 + 4x2 − 8) = 0

u4(x1) = 0

u5(x2) = 0

or in terms of primal slack variables as

u1x3 = 0

u2x4 = 0

u3x5 = 0

u4x1 = 0

u5x2 = 0
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min 4x1 + 3x2
s.t.  3x1 + 2x2 ≥12

x1 + x2 ≥ 5
x1 + 4x2 ≥ 8
x1 ≥ 0, x2 ≥ 0

Is x = (2, 3) Optimal? 
– it is feasible: first two constraints 
hold with =, the third holds with > 

– x1 > 0, x2 > 0, x5 > 0 so by CS 
   u4 = 0, u5 = 0, u3 = 0  

and its dual (with slacks u4 and u5 added):

max 12u1 + 5u2 + 8u3

s.t. 3u1 + u2 + u3 + u4 = 4

2u1 + u2 + 4u3 + u5 = 3

u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Alternatively, the dual is written below in terms of its column vectors:

max 12u1 + 5u2 + 8u3

s.t.
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u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Observe that each column vector is the normal vector of the corresponding

constraint in the primal. Dual feasibility requires that the cost vector
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3
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must be a nonnegative linear combination of the normal vectors of the con-

straints in the primal. Since the dual problem has only two constraints, a

basic dual solution will express the cost vector as a nonnegative linear com-

bination of at most two normal vectors of primal constraints.

Let x3, x4, x5 be the primal slack variables for constraints 1, 2, 3 respec-

tively. Notice that x1 and x2 are the slack variables for constraints 4 and 5

respectively.

The complementary slackness conditions are written as follows:

u1(3x1 + 2x2 − 12) = 0

u2(x1 + x2 − 5) = 0

u3(x1 + 4x2 − 8) = 0

u4(x1) = 0

u5(x2) = 0

or in terms of primal slack variables as

u1x3 = 0

u2x4 = 0

u3x5 = 0

u4x1 = 0

u5x2 = 0
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min 4x1 + 3x2
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x1 + x2 ≥ 5
x1 + 4x2 ≥ 8
x1 ≥ 0, x2 ≥ 0

Is x = (2, 3) Optimal? 

and its dual (with slacks u4 and u5 added):

max 12u1 + 5u2 + 8u3

s.t. 3u1 + u2 + u3 + u4 = 4

2u1 + u2 + 4u3 + u5 = 3

u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Alternatively, the dual is written below in terms of its column vectors:

max 12u1 + 5u2 + 8u3

s.t.
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u1 ≥ 0 u2 ≥ 0 u3 ≥ 0 u4 ≥ 0 u5 ≥ 0

Observe that each column vector is the normal vector of the corresponding

constraint in the primal. Dual feasibility requires that the cost vector
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4
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must be a nonnegative linear combination of the normal vectors of the con-

straints in the primal. Since the dual problem has only two constraints, a

basic dual solution will express the cost vector as a nonnegative linear com-

bination of at most two normal vectors of primal constraints.

Let x3, x4, x5 be the primal slack variables for constraints 1, 2, 3 respec-

tively. Notice that x1 and x2 are the slack variables for constraints 4 and 5

respectively.

The complementary slackness conditions are written as follows:

u1(3x1 + 2x2 − 12) = 0

u2(x1 + x2 − 5) = 0

u3(x1 + 4x2 − 8) = 0

u4(x1) = 0

u5(x2) = 0

or in terms of primal slack variables as

u1x3 = 0

u2x4 = 0

u3x5 = 0

u4x1 = 0

u5x2 = 0
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– it is optimal: the vector c does lie in 
the cone spanned by the (inward 
pointing) normals of the two binding 
constraints. 


