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Abstract. In this work a dual-mixed approximation of a nonlinear generalized Stokes problem is
studied. The problem is analyzed in Sobolev spaces which arise naturally in the problem formulation.
Existence and uniqueness results are given and error estimates are derived. It is shown that both
lowest-order and higher-order mixed finite elements are suitable for the approximation method.
Numerical experiments that support the theoretical results are presented.
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1 Introduction

In this article we investigate the solution of a nonlinear generalized Stokes problem using a dual-
mixed formulation. The nonlinear generalized Stokes problem arises in modeling flows of, for exam-
ple, biological fluids, lubricants, paints, polymeric fluids, where the fluid viscosity is assumed to be
a nonlinear function of the fluid’s velocity gradient tensor. The generalized Stokes problem is given
by: Find (u,p) such that

V- @(|Vu|)Vu)+Vp = f inQ, (1.1)
V-u = 0 in{,
u = ur onl,

where 2 is a bounded open subset of R™ with Lipschitz continuous boundary I'. The fluid velocity
is denoted by u, and Vu := (Vu);; = 0u;/0x; is the tensor gradient of u. Here and throughout
the paper we use the following notation: for tensors o = (0y;), T = (73;), o : T = >, 1 0ijTij,
|o|? = o : 0. The pressure is denoted by p, and f describes the external forces on the fluid. The
function v describes the nonlinear kinematic viscosity of the fluid.
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Some classical examples of v are given by:

Power Law

v(|d(w)]) = voldW)[""2, >0, 1<r<2, (1.4)

where d(u) = %(Vu + VuT) denotes the fluid deformation tensor. The power law model has been
used to model the viscosity of many polymeric solutions and melts over a considerable range of shear
rates [18].

Ladyzhenskaya Law|[21]:

v(|Vu|) = (g + v [Vu)"™2, 19>0, 1 >0, r>1, (1.5)

which has been used in modeling fluids with large stresses.

Carreau Law:

v(ld)) = vo (1 + |dw)2)" 2 w>0,r>1, (1.6)

used in modeling visco-plastic flows and creeping flow of metals.

General descriptions of (1.1) are often written in terms of the tensor o = v(|Vu|)Vu:
—-V-o+Vp=f inQ. (1.7)

The work in this paper extends the investigates of [4, 23, 15]. In [4] Baranger, Najib, and Sandri
provided an analysis for the existence and uniqueness of the modeling equations in appropriate
Sobolev spaces and gave an error analysis of a finite element approximation method applied to the
primitive variables (o, p, u). Manouzi and Farhloul in [23] reformulated the modeling equations
into a saddle point problem and used a mized formulation to study the existence and uniqueness
of the solution, again in appropriate Sobolev spaces. An error analysis for the finite element ap-
proximation was also given. In both [4] and [23] the analysis used the assumption that the equation
describing o in terms of d(u) or Vu was invertible to give d(u) or Vu as a function of o. Gatica,
Gonzélez, and Meddahi in [15] reformulated the modeling equations, using the tensor % in place of
the o (¢p = o —pI) and introducing an additional variable for Vu. Doing so their formulation used
the constitutive equation for o as a function of Vu and reduced the regulatity requirement for the
velocity. Advantages of this approach include: (i) more flexibility in choosing the approximating
finite element space for u, (ii) Dirichlet boundary conditions for u become natural boundary con-
ditions and are easily incorporated into the variational formulations, (iii) avoids the assumption of
expressing Vu was a function of o. A disadvantage in this formulation is that additional unknowns
are introduced. The analysis of this approach was only studied in a Hilbert space setting.

In this paper we recast the formulation described in [15] in appropriate Sobolev spaces. Because
of the nonlinearity in (1.7), this problem is more appropriately studied in Sobolev spaces which
should result in tighter error estimates for the approximate solution. This extends the work of [23]
by avoiding the assumption of expressing Vu as a function of o. In addition, we show that higher-
order approxmiating spaces can be used in the mixed finite element method for this formulation
and give the associated a priori error estimates.



A description of the notation used in this paper, the mathematical problem, and the dual-mixed
variational formulation is given in Section 2. Existence and uniqueness of the variational formulation
is studied in Section 3. In Section 4 the finite element approximation is presented and analyzed.
Numerical results are given in Section 5.

2 Mathematical Setting

For r > 1 we denote its unitary conjugate by 7/, satisfying »~! 4+ =1 = 1. Used in the analysis
below are the following function spaces and norms.

T:= (L Q)" = {r=(r;); i €L7(Q); i,j=1,...,n},
with norm |77 := ([, |7|" d)"/".

nxn

T . (Lr'(Q)) and Tc/liv = {7- eT ; divt € (L””'(Q)>n }a

, , 1/r! /
with norm |||, = (fQ(w + |dwr|'r)d§z) CLet U = (L7(Q)", and P := L™ (Q).

For a Banach space X, X* denotes its dual space with associated norm || - || x+. Note that T* = T,
and (T/) = T. The norm and seminorm associated with the Sobolev space W™ "(Q2) will be

denoted by || - |lm,r0 and | - |m rq, respectively, and the infinity norm will be denoted by || - ||oo-

Motivated by (1.4),(1.5),(1.6), we will assume that the extra stress tensor is a function of the velocity
gradient, i.e.
o :=g(Vu) =v(|Vu|)Vu. (2.1)

Specifically, we assume
Al: g:T —T" isa bounded, continuous, strictly monotone operator [26];

and that there exist constants C; and Cs such that, for s,t,w € T,

. s — t|3
az [ (g(s)—g(t)):(s—t)dQZC’1</Q (s) — g()lls — t}a + 12— ) 2:2)

= P
Iz + el

2—r
5 || Is — ¢t

T 1/,,,/
A3: /Q(g(S) —g(t)): wdQ < Cs ST 6] </Q lg(s) — g(t)||s — t] dQ) Iwlr, (2.3)

with the convention that g(s) = 0 if s = 0 and |s(x) — t(x)|/(|s(x)| + [t(x)]) = 0 if s(x) = t(x) = 0.
Properties A1-A3 have been established for power law and Carreau law fluids [3]. (For the case of
a power law fluid monotonicity is also shown in [28, 8].)

Remark 2.1 From (1.2) it follows that ur must satisfy the compatibility condition

/ur-ndF = 0,
r

where n denotes the outward pointing unit normal vector to §2.



In order to obtain the dual-mixed formulation, introduce two new variables, ¢ and 1.

¢ = Vu,
¥ := o — pl, the total stress tensor,
= g(¢) — pI, using (2.1).

With the definition of ) a variational form for (1.1) can be written as

—/v~dz’v¢dQ = /v'fdQ,forveT.
Q Q

Note that from the definition of ¢ we have that, for sufficiently smooth functions,

0 = —/¢:TdQ+/Vu:TdQ
Q Q
= —/¢:7’dQ—|—/(T-n)~ude—/u~div7‘dQ
Q T Q

and the condition divu = 0 is equivalent to

where we use tr(¢) to denote the trace of ¢.

Combining (1.4), (2.8), and (2.7) a variational formulation to (1.4), (2.8), and (2.7) is:

fe (L"J(Q)>n, ur € (Wl_l/’"’r(F))n, determine (¢, P,p,u) € T X Tt;’i’u x P x U such that

/Qg(fl)):GdQ - /Qtﬁtcdﬁ - /thr(c)dQ = 0,¥%eT,

—/QT:¢dQ — /thr(@dfl - /Qu-dz'deQ = —/F(T-n)-urdra

Y(r,q) € Tc/lw x P,

—/V-div¢dQ = /v-fdQ,VVEU.
Q Q

Given

(2.10)

(2.11)
(2.12)

Note that equations (2.10)-(2.12) do not uniquely define a solution; as adding (0,cI, —¢,0) to a
solution (¢, ), p,u), also satisfies (2.10)-(2.12) for any ¢ € R. In order to guarantee uniqueness we

proceed as in [2, 7, 15] and impose, via a Lagrange multiplier, the constraint [, tr(y) dQ

= 0

/ n
The variational formulation may then be restated as: Given f € (L’” (Q)) ,ur € (Wlfl/’”’T(I‘))n,

determine (¢, ¥, p,u, \) ETXTC/MXPXUXR such that
/g(d)):ng - /1/;:ng - /ptr(c)d(l = 0,YseT,
Q Q Q

—/ T :d) — /qtr(gb)dQ - / u - divrtdQ) + )\/ tr(T) de
Q Q Q @
r

(2.13)

(2.14)

—/V‘di’l)'l/)dQ + n/tr(¢)d(2 = /v-fdQ,V(v,n)eUxR.(Z.lf))
Q Q Q



Remark 2.2 As commented in [15], the value of the Lagrange multiplier X is 0, as can be seen
from the choice of T =1 and g = —1. However, it is included in the variational formulation so that
the formulation has a twofold saddle point structure.

To formally rewrite (2.13)-(2.15) as a twofold saddle point problem define the following operators:

A:T—T, B:T— (T}, xP),  C:Ty, xP— (UxR)".
A@). ) = [ &):sa0, (2.16)
B(o), (1,9)] = —/Q T :0dQ — /thr((,b)dQ, (2.17)
[C(y,p), (v,n)] = —/Qv- divp dQY + n/(ztr(ip)dﬂ. (2.18)

The modeling equations can then be written in the form

[A(¢), <] + [, B*(¢,p)] = 0,¥c€eT, (2.19)
B(@), (1.0)] + (1), C*(w,N)] = - /F (r-n)-urdl V(r,q) € Ty, x P, (2.20)
C.p), (v.n)] = /Qv-fdQ,V(v,n)eUxR, (2.21)

where B* and C* denote the respective adjoint operators of B and C, respectively.

3 Existence and Uniqueness

The existence and uniqueness of (2.19)-(2.21) follows from

(i) [C(¥,p), (v,n)] defining a bounded (componentwise) linear functional and satisfying an inf-sup
condition;

(ii) [B(¢), (7,q)] defining a bounded (componentwise) linear functional and satisfying an inf-sup
condition;

(iii) A(¢) defining a bounded, continuous, strictly monotone operator on a reflexive Banach space.

Remark 3.1 A direct application of Holder’s inequality establishes that [C(-,-), (-,-)] : (T(;iv x P) x
(U xR) — R is a bounded (componentwise) linear functional.

Remark 3.2 A direct application of Hélder’s inequality establishes that [B(-), (-, )] : T X (Tclh-v X
P) — R is a bounded (componentwise) linear functional.

Remark 3.3 From the assumptions A1-A3 discussed in Section 2, A(¢) defines a bounded, con-
tinuous, strictly monotone operator on a reflexive Banach space.

Thus it remains to show the inf-sup conditions for B and C.



3.1 Inf-sup Condition for B

Define the null space for the operator C, Z1, as
Zi = {(r.q) € Ty x P 1 [C(r.), (V)] = 0, ¥(v,n) €U xR},
= {(T,q) €Ty, x P : divr =0in Q, and / tr(r)dQ = 0} . (3.1)
Q

Note that for (7,q) € Z1, ||T|l;+ = ||7|l;+. Helpful in establishing the inf-sup condition for B is
div

the following lemma.

Lemma 3.1 (See Lemma 3.1 in [2] for Hilbert space setting.)
For T € TC/M satisfying [ tr(T)dQ =0, let =7 %tr(T)I. Then, there exists C, depending
only ), such that
17l e < C (170N e + lldio Ty, - (32)

Proof: Now, there exists a non-zero function ¢ € L"(2) such that
ler(r oy el = | er(r)pas. (3.3)
Since [, tr(7T)dQ = 0, we can assume [, pdQ = 0 (shift ¢ by its average). From [14], pg. 116,

given ¢ € L"(Q), 1 < r < oo with [, pdQ = 0, then there exists v € W&’T(Q) and a constant C
such that

divv = ¢ in and Ivliwiry < Cllellir ) - (3.4)
From (3.3) and (3.4),
1 1 . 1
ﬁﬂtr(r)ﬂyl(m [vliwir@) < v o tr(T) divvdQ = - Qtr(r) I:VvdQ

= /(T —79):VvdQ (using the defn. of 7°)
Q
= —/(TO : Vv + divt - v)dS)
Q

< (1l + vl vy ) ¥l

Lemma 3.2 There exists a constant ¢; > 0 such that

inf sup [B(¢), (7,49)] > ¢ . (3.5)

ez ger 18l [0l o

Proof: We establish the inf-sup condition by considering two cases.
Case 1.: [|q]|p < HTHTQM'

Let
1 / ,
e —tr(T)I, and ¢= —]7'0|T /r=1 7'0/H7'0||”T,_1 ) (3.6)
n



Note that ¢ € T, and ||¢||7 = 1. Then,

B or'/r—1 r’/'r—lt 0
B [ g [ g
&l o 707, Q [l
1 /
= ———— [ |7 20 2040 (as tr(70) = 0, and 7 : 70 = 70 70)
[l
T/
. 1 1
= e 2 Gt = STl Cas(ra) € 2, see (3.2)
1 1
> 56 (Il + lalle) = 551Dl - (3.7)
Case 2. qllp > |l -
Let ' pret
—lgl + 7["/" (gL + 7)
¢ = " . (3.8)
T + 7l
Again, ¢ € T, and ||¢||7 = 1. For this choice of ¢,
B(¢), (T, I+ 7|7/t
M = %(T:(ql—i—ﬂ + qtr(ql + 7)) dQ2
oz g + 7,
I+ 7 r'/r—1
o lal + I
= N+ 7l = llddlly = 7l
= 2"lgllp = 7l > @Y7 = 1)qllp
2 C”(TaQ)”T;pr : (3.9)
|

3.2 Inf-sup Condition for C

The following two lemmas are helpful in establishing the inf-sup condition for C.

Lemma 3.3 Let Tl := {7’ €T, Jotr(T)dQ = 0}. Then, there exists C' > 0 such that for
anyua €U

u - divT df2 u - divt df2
sup fQA—U > C sup fﬂ—v (3.10)
B e A T
T#0 T#0

Proof: For 7 ¢ Tcll

let 79 = T — nl% (Jq tr(7))dQ) L. Then, 7o € o7
Let

v s and divr = divTy.

s = |ro[" /" +

sgn ((fy tr(r) dQ)n(‘fg’ ol /" g d2) ) (/Q o7 g dQ> I.

7



Note that as
! / 1/r /
ol el = ([ ol a0) = ol

and
/Q |TO|T’/T—1tr(TO)dQ‘ < \/E/Q ol 1d2 < C |l )
Thus
Islzr < Climoll /) (3.11)
We have that
|7l = sup (7, o) (3.12)

ocrr |lollor .

. /
Now, using 79 € o7}

o

(r.¢) = /Q!Tolr’d9+ nylm</g tr(T)dQ) </Q ]Tol’",/r_ltr('ro)d(2>
L (from) (e i)

> ol - (3.13)

+

Therefore, from (3.11), (3.12), and (3.13) we have that ||7|,.» > C|7o||, . Combining the above
we obtain

Jou-divrdQ [, u-divrdQ - CfQu-divTOdQ

)

[l [l Frollz;
from which (3.10) then follows.
|
Lemma 3.4 There exists a constant co > 0 such that
C A
inf sup [C(7,9), (u, )] > . (3.14)

VxR o T Dl p 1) e

Proof: We establish the inf-sup condition by considering two cases.
Case 1.: |A| > |[ullv.
For this case we have

C A C(ALO A A2Q

oty wp 1Tl AT X 2 Q]
Case 2.: |A| < |[ullv.
Using Lemma 3.3,

— - di ds?
wp OO0 @A [Cr00) )] g wedivg
(T,q)GT‘;“}XP H(T’ q>HT(:lz'u><P To€ OT(;i'u HTOHT;M) To€ OT(;iU HTOHT;“)
— - divT dSQ
> C sup Jo u- divt (3.16)
TET;iv HT”TrII'Lv



Choose w € (L™ (Q))" such that |[ul|z- |w| .+ = Jou-wd, and let T satisfy divT = w in Q
with
7l < Ol

(see [14] pg. 116). Then,

sup [C(T,q), (u,\)] > o= Jo u-div(—1)dQ S ¢ Jo u-wdQ
B (o e =, -
> Clullov = Cll(u,N)[[uxr- (3.17)

We now summarize the above results in the following theorem.

Theorem 3.1 There exists a unique solution (¢, ¥, p,u,\) € T X Tc/liv x P x U x R satisfying
(2.19)-(2.21). In addition, we have that

bl < € (Iarlli-y/mer + €152 ) (3.18)

Proof: The bound (3.18) is derived using the inf-sup conditions for B and C, and (2.2). (See [10]
for details.) ]

4 Finite Element Approximation

Let Q C R™ be a polygonal domain and let 75 be a triangulation of 2 into triangles (n = 2) or
tetrahedrals (n = 3). Thus
O=UK, KeT,,

and assume that there exist constants 71, v2 such that

mh < hg <ypK (4.1)

where h is the diameter of triangle (tetrahedral) K, pg is the diameter of the greatest ball (sphere)

included in K, and h = maxge7;, hi. Define the finite-dimensional subspaces T), C T, Tclh.v nC Ty
P, C P, and U, C U. Then the discrete formulation of (2.13)-(2.15) is defined as:

[A(®y) s su] + [sn. B (¥, pn)] = 0,6, €Ty, (4.2)

B, (70 0)) + (7100, O )] = = [ (7m) e
V(Thyan) € Tugpp ¥ Pry (4.3)
[CWon pn) s (Vo)) = /th-fdQ,V(vh,nh) € Up x R. (4.4)

The corresponding discrete kernels of B and C are defined similarly. We have

Zyp = {(Tm(Ih) € Ty ¥ Pu + [Crn.an), (Viymn)] = 0, Y(va,mn) € Uy % R} ;

and
Zop = {sn €Ty : [B(sn), (Th,aqn)] = 0, Y(Th,qn) € Z1n} -



4.1 A Priori Estimates

Theorem 4.1 Let 1 < r < 2 and g satisfy (2.2) and (2.3). Let (¢, 1, p,u, A) € TXT(;w x PxUxR
solve (2.13)-(2.15). Assume that
(1) There exists a positive constant ¢1 such that

inf sup [B(sn) . (7h:an)] > . (4.5)

(T h:an)€Z1n G, eT), HChHT H(Thth)HT LXP

(2) There ezists a positive constant co such that

nf sup [C(Thyqn), (Up, Ap)]

Z Co . (4.6)
(AR (1, g et xp, (T4, Qh)HT;ivxp |(an, An)|luxr

Then, for f € (LT/(Q)>H and ur € (WI_I/T’T(F))n, there exists a unique solution
(D1, Yh, PhyUny Ap) € T X T(;w pn X P x Up x R to the problem (4.2)-(4.4). In addition, we have

lulir < € (Iarllioajmer + I€150 ) - (4.7)

for some constant C > 0.

Proof: With the assumptions as stated above, existence and uniqueness of
(1, Y1, PhyUp, Ap) € T X Tclh.v p X P, xUp, xR solving (4.2)-(4.4) follows directly from the continuous
solution approach outlined in Section 3 and summarized in Theorem 3.1. ]

Theorem 4.2 Let
P — oy

£(0:n) = H|¢|+\¢hr .

Assume the hypotheses of Theorem 4.1 are satisfied. Also assume that for h sufficiently small, there
s a constant cg > 0 such that

(4.8)

in sup [B(sn), (Tr an)] + [C(Th,qn)  (Vhs )] o (4.9)

(Tan) €Ty % Pa (Snvna) €T x U xR (Shs Vi ) lrxvsxe [(Ths an) g p ™

where ||(Sp, Vi, n)||Txuxr = ||SullT + |Villo + | Anllr. Then
o — onll? +/Qg(¢> —g(én)| 1P — ¢p| A
<cf int (19~ sl + €060 16 - sully) + int u =il

O A T S SR

wa h

1% = ullyr +llp=pallp < C{ inf [ — 7l + qhigfjh Ip— Qh\P}

Th€ly n

1/r!
£, bn) (/ 18(e) — g(én)l 1 — mdﬂ) L (@1

10



and
e —wpllo + 1A = An] < Cli¢ = @llr + inf Jlu—valu, (4.12)
Vh h

for some constant C > 0.

Outline of Proof: We briefly describe the how the bounds (4.10)-(4.12) are obtained. Complete
details are given in [10].

Using properties (2.2), (2.3), and the definitions

Zyy = {(Thth) € Tyiwp ¥ P 2 [C(Thyan), (Viomn)] = /QVh'fan

V(vh,nn) € Up, X R} , (4.13)

Zop = {Ch €Ty : [B(sn), (Thyan)] + [(Thyqn), C*(up, A\p)] = _/F(Th'n)‘uF dr,
Y(Th, qn) EZUL}, (4.14)

we obtain the estimate

16— dulld + /Q g<¢>g<¢h>|\¢¢h|dfzsc{ inf (g — <nl3 + (b bn)" 16— snllp)

Sn€Zap

bt (el - ) @)

(T hsan)€Z1n
A “lifting argument” which requires the combined inf-sup condition (4.9) is then used to lift the

“best approximations” in Z;, and Zop, to the “best approximations” in Tj, Uy, Tclh.v’ n» and Py. The
bounds (4.10)-(4.12) are then obtained using the discrete inf-sup conditions (4.5) and (4.6). ]

Remark 4.1 As previously noted, E(¢p,¢;) < 1. In addition, if 1/(|¢| + |¢y|) < C for some
constant C > 0, then

E(p, ¢pp) < min {170 | — ¢hHC(>%fr)/r} '
Furthermore, if ||¢ — ¢pllco ~ || — &4, the estimates (4.10)—(4.12) may be written as

16~ bl + 19— 9l + o —pallp + = il + 3=
< (C4 inf — inf —
<cf it 6= qlr+ it u-vill
inf — / inf — . (4.16
ot el ot - ale ). (410

Th€Tgiv, n

11



4.2 T,

uiv Approximation Using Raviart-Thomas Elements

In this section, we show that approximating spaces of discontinuous piecewise polynomials and
Raviart-Thomas elements are suitable for problem (2.13)-(2.15). Specifically, we show that these
spaces satisfy the inf-sup conditions (4.5), (4.6), and (4.9).

Let n = 2. Let K € 7}, and let P, (K) be the set of all polynomials in the variables z1, xo of degree
less than or equal to k defined on the triangle K. Let RTy(K) be the 2-vector of Raviart-Thomas
elements [25, 27] on K defined by

RIL(K) = () + |21 Pat)
For k£ > 0, define the following discrete spaces:
T = {¢peT:¢|x e (Bu(K))”?*, VKeT},
Tion = {#€Thiw= (b vl € RTK)?,

(¢¢1 wZ'Q)T’K c RTk(K), Vi € {1,2}, VK € 7;1},

P, = {peP:plk ePp(K), VKeTp},
Uy = {ueU:ulx € (Py(K))?, VK€eT}.

Remark 4.2 There is no interelement continuity requirement on the spaces Ty, Uy, and Py.

Let s > 1 and let ZF : (Wl’S(Q))2X2 — Ty, be the k-th order Raviart-Thomas interpolation
operator [25, 7, 9], defined by, for row j = 1,2 of T € TC’l

v

/(Tj—I,’ij)-neivkds = 0, Yo, ePp(K), Ve, €0K, i=1,23 VKeT,,

€

/ (Tj —Iflij) “Vi_1 dK = 0, Vvk,1 e (Pk,l(K))Q, VK € ’Th,
K

where n.; denotes the outer unit normal vector to edge e; of K. Then, for 0 <m < k + 1, we have

Ilm — I}]f’r |07,«/79 < Chm|T|m’7«/7Q, (4.17)
|div (T — TF7) |00 < CR™|div T s (4.18)
and, for v e U,
/ v-div(t —Ifr)d=0, VYreTy,. (4.19)
Q

In the lowest-order case, i.e., k = 0, for (74, qn) € Z1p,

o _ o+ Tl (] + )
lgnT + 777"

® €T). (4.20)

12



The proof of the discrete inf-sup condition for B then follows as in the continuous case. However,
for higher-order approximations, ¢* defined by (4.20) for (74,qn) € Z1p is not a polynomial and
hence not in T},. In these cases a suitable projection of ¢* is required.

From [1], if f € L*(Q), then f € L"(Q) for 1 < r < 2, and ||fllo,r0 < |Q’22;:Hf||02§2 Also the
following relationship of norms in L?(€2) and L"(£2) holds.

Lemma 4.1 Let f,g € L*(Q) and 1 <1 < 2. If | fllo, = p and ||fllo2 = |lgllo2, then ||gllo, < p.

Proof: Assume || f

2/r (r—=2)/r
17162 :/ /17 d2 < (/ IdeQ) (/ 1dQ> < 1212/
Q Q Q

1fllo,2 < ulQ)C=2)72r (4.21)

o, = and || fllo2 = [|gllo,2- Using Hélder’s inequality we have

thus

Also,

lgllo,r = /Q 91" d < [lgllp 21172 = || £15.21921 %772 < prj@| 02270/ =

Lemma 4.2 For the choices of T}, Tc/li'u n» P, and Uy above, there exists a positive constant ci

such that
[B(#n), (Th,an)]

inf sup > .
(T h-an)€Z1n ¢, €T |énllr 1(7h, Qh)HT;wxP

Proof: Note that for (¢, qn) € Zin, div T, = 0 implies 71|k € (Px(K))?>*2 for all K € T;,. We
also have that (75, + quI)|x € (Px(K))?*? for all K € 7;,. Thus (Tp,qn) € Z1p, implies 7, € T, and
(Th + qnl) € Th. 1

Assume that [|gx||p < ”Th”Tc,z' . Let 79 = 74 — 2tr(74)1, and

! fom ’_
L A s A ]

Then ||¢*||7 = 1 and
<¢*,¢h>=/¢* c $pdQ, Ve, €T
Q

defines a continuous linear functional on 7T},. Note that T}, equipped with the L? inner product is a
Hilbert space. Then by the Riesz Representation Theorem there exists a ¢, € T}, such that

<<h,¢>h>=/9<h : ¢th=/§2¢* b= (67 8,). Ve €T,

with
[snllo2 = [l@*[lo,2-

13



From Lemma 4.1, we have that ||¢u||r < 1. Then [B(sn), (Th,pn)] = [B(¢¥), (Th,pn)] for all
(Th,qn) € Z1p. Continuing as in (3.7), the result is shown as in Case 1 of Lemma 3.2.
Now assume ||qp||p > ||l - Let

div

e _ lad A T (] A+ )
llgn + Tl

@

Again let ¢, € T}, satisty (Gn, @) = (@7, ¢y,) for all ¢, € T, and [[¢"|lo2 = [|snlloz < [[@*[l7 = 1.
Continuing as in the proof of Case 2 of Lemma 3.2, the result is shown. [ |

Lemma 4.3 For the choices of T}, T:ﬁv n» Ph, and Uy above, there ewists a positive constant cg

such that c \
nf sup [C(Th,aqn) , (up, An)]
(W AEURXR (7 ser? <, 1Thsan)llz p l[(ans An)lluxr

Z Co . (422)

Proof: As in the approach to the proof of Lemma 3.4, we consider two cases:

Case 1: |Ap| > |lunllu- ,

The choice (Th,qn) = (AWI,0) € T, ;, x Pj, shows the result as in Case 1 of the proof of Lemma
3.4.

Case 2: |Ap| < ||un||v-

Note that Lemma 3.3 applies to the subspace T C/h-v, n CT, C,l thus we have

v

sup [C(Th,qn) , (ap, Ap)] sup [C(70,0), (up, Ap)]
(Th’qh)eTr/liv,hXPh ”(Th’qh)HTc/livXP - Toe OTéiv,h ”TOHTc/liv
- fQ uy, - div T dS)
= sup
To€ OT(;w,h, HTOHTC/”U,}‘L
— uy, - div T, dS)
> C sup Jo s h (4.23)
TETém,h ”Th”Tz;iv,h

Now we proceed in a manner similar to that of Proposition 5 of [23] (as well as Proposition 3.1 of
[13]). Let w be the solution of the Laplacian problem

~Aw = |uy["?uy, inQ,

w = 0, onl.

Note that |us|"~2u, € (W% (Q))2. Hence, from [17], this problem has a unique solution w €
(WOQ’T(Q))2, and there exists a constant C' > 0 such that

, (r=1)/r
Iwll20 < C [[[un]2uplfy . o = C ( /Q [y [0 dﬂ) = Cllunllf, - (4.24)

Now let 7% = Vw. Thus from (4.24) we have

1m0 = IWlze0 < Clunlly g (4.25)
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and V- 7% = Aw = —|up|""2uy,. Thus 7* € T, and we have

Il < C llunlls o

Let 7, = ZF7*. Then we have, from (4.19), that

_/ uh-divTth:—/ uh-diUT*dQ:/ lup "2y, - u, dQ = (g -
Q Q Q

The estimate (4.18) and the triangle inequality gives, for m = 0,
IV Thllora < CIV-7 om0

Then, from (4.17), (4.26), (4.28), and the triangle inequality, we have

ITnllyy, < 7" llo 02 + IV - Thllos .0
< C(llm*llogr o+ 7" = 7rllogo + IV - T00)
< C(IP Ny + Rl I + lulish)
< C (sl + lwlls + Tullssh) < Cllual™

Combining (4.23), (4.27), and (4.29), we have that

[C(Thyan) s ()] = Jo Un-divTnd2 - Jual

sup > > -
Imnll Cllay |

(Th:q}t)eT(;i'u,hXPh ||(Th7qh)||T(;“)><P

(4.26)

(4.27)

(4.28)

(4.29)

> Cllupllu > call(up, An)||uxr

and thus we obtain (4.22).

Before showing the inf-sup condition (4.9) holds for the chosen approximation spaces, we first discuss
some properties of the Raviart-Thomas elements. Let K € 7, and let r € RTy(K). Then r can be
written as r = r* + r*, where r* € (P,(K))? and the components of r* consist of polynomial terms

of degree k 4 1 only. In fact, r* can be written as

[k
. PORTEIE!
R DT
=0 Z i xlf—J xj2+1
Jj=0 i

for some constants v;,j =0,..., k.

We can also write divr = divrF + divr* , where divrF is a polynomial of degree at most k — 1 and
divr* is a polynomial with terms of degree k only. It is important to note that if divr = 0, then
divr* = 0. For Raviart-Thomas elements we have that the norm of the gradient of the highest-degree

terms can be bounded by the norm of the divergence.
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Lemma 4.4 Let K € T;, and let v = r* + v* € RTy(K) where the components of r* consist of
polynomial terms of degree k + 1 only. Then there exists a constant C > 0, independent of K, such
that 3

IVr*|lo 5 < Clldive|om i - (4.30)

Outline of Proof: The proof follows from the special form of the Raviart-Thomas element and
the equivalence of finite dimensional norms. (See [10] for complete details.) ]

The above result can be applied to the tensor space T C/ll-v’ ,, to obtain, for 7, = 7% + 7* where the
components of 7% consist of polynomial terms of degree k + 1 only,
INT* o ic < ClldivThlow i, YK ET,. (4.31)
Let II;, : T(;w’ n — T, be the classical Lagrangian P}, interpolation operator ([9]) and define
N (4.32)

Note that 7|k € (Pr(K))?*2 for all K € T, and div Ty, = 0 implies 7% = 0 and + = 7. Then,
using (4.31) and standard polynomial approximation properties [6, 9], the error associated in the
approximation of 75 by 7 is given by

1/r
lmh = #llom0 = 7" = r* oo < Ch | > V750 5
KeTy,
1/r’
<Ch | Y Clldivrylly, x < CCh||divThloma = Chlldivryllora. (4.33)

KeTy,

Lemma 4.5 For h sufficiently small, there is a constant c3 > 0 such that

[B(sn), (Th,an)] + [C(Thsqn) , (Vasnn)] > c3. (4.34)

inf sup
(Th,qh)ET;ivthPh (ShyVh,n)ETHxUp XR H (§h7 Vh, 77h)||T><U><R ||(Th7 qh)HT;ﬂ}xP

where ||(Sh, Vi, M) |lTxuxr = ISkl + [[Vellu + [ Anllr-

Proof: Again we need to consider the two cases HT’"‘HT;w < |lgn||p and ”Th”T;iv > |lgnll p-

Case 1: (I7ally; < llanllp)
Let 7 be as defined in (4.32). Let

" —1 ol R
¢ ZWmhI-FTV/T gl + 7).
T/

Note that ||¢*||r = 1. Now, there exists a ¢p, € T}, such that
[ dnan=[ & o0, e, e,
Q Q
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with ||sn||7 < ||¢*||7 = 1. Then, since ¢yI + 7 € T},, we have that

/Ch 2(th+’f')dQ:/¢* Z(th—F‘f')dQ.
Q Q
Let vi, = 0 and 1, = 0. Then we have

[B(sh), (Ths qn)
[snllT

—/Ch : (qpX + 71) dQ
Q

= —/Ch : (th—{—f')dQ—/Ch : (Th—‘f')dQ
Q Q

I+7 r'/r—1 . R R
%(thﬁ-T) : (th+T)dQ—/§h 2 (TR —T)dQ

Y

lanX + 7l = llsnllzllTn = 7l
(7" = 1)llgnllp — 2Ch]|div Thlo 5 (4.35)

v

Let , ,
f(nl/r —1)|divTy|" /r=1

ldiv T35

*_

(div ‘Th) )

and note that ||u*||y = n'/” — 1. Recall that divep, € Uy for all 4, € T;iv’h. Thus, there is a
vy, € Up, such that

/Vh'thQ:/u*-thQ, Ywy, € Uy,
Q Q

1/ _ 1. Let nj, = 0, then we have

with v, € Up, and [|vp||o < |[u*||lv =n
|div |71
o |ldivTulf

= (" = 1)|divThllo - (4.36)

[C(Thrqn) (Vimn)] = (07 =1) (div Tp) - (div Th) d€2
Thus, from (4.35) and (4.36), we have

[B(sh): (Ths qn)] + [C(Ths qn) s (Vhs1n)]
(ks Vi M) lTxU xR

1
- pl/r

(07" = Dlanllp + @M =1 = 26B)div i) . (437

and, for h small enough to satisfy n/" —1 — 2Ch > 0, we have that

[B(sh): (Ths qn)] + [C(Thsqn) s (Vhs1n)]
| (Sh> Vi M) |7 x U xr

> CH(Th,Qh)HT;pr

for some constant C' > 0.

Case 2: ([[7nllye = llanllp)

Let
_’7.0|7"/r71
I
Tl

I



and gp € Ty, satisfying
/Ch 1¢hd9—/¢* D¢ dY, Vo, €T
Q Q
Note that 7,7° € T}, and ||sp||7 < [|@*|l7 = 1. Let

—2|div T, r'fr=1
u* = | : |r,_1 (divTy),
[divTally, o

and vy € Uy be given by
/Vh-thQ:/u*-thQ, Ywy, € Uy, .
Q Q
Observe that ||vy||y < [[u*||ly = 2. Let

Nh = sgn </ tr(Th) dQ> (1 + 1) n= 2 |Q".
Q Co

Then we have

|7_0|7°’/r71 0
[B(gh)7(7h,Qh)] = QWT DT dS2
|1-0|7°,/7” 1 _ |T0|r’/7“—1 3
= QwTO:TdQ— QwTO:(T—Th)dQ
T T’
|TO|7“’/7‘—1

0 ~
——— 71 T dQ = ||skllrl|T — Tl
o [0 T

> 1700l = 17— Tally
1 C(1+Co+19) .
> — =11 h||ld "
e COHThHT < + CO H 7/U’T}ZHO, ,Q
—1/2|Q1/7"
B /tr(‘rh) dQ‘
Co Q

C (1 +19) hldivThllo,0 —n /20"

/ ‘Th dQ‘

1 Ch1+200+ (1+ Co)Ql)
wmf—<b+ ( ")

Co |div 740, 0

1 /
(1 ) 2
(-+%)n Q)

o|div 4|/

Idiv Tl

1 /
14—\ n-12101/r
+ < + C0> n |2

1 /
= 2“di'l)‘l'h|’0r/ o+ (1 + ) n*l/Z‘Q’l/r
ELINS} CO

(4.38)

/Q tr(ry)dQ| ,

and

(divTy) - (divTy) dQ

/Qt’l”(Th) dQ‘
/Qtr(rh) Q| ,

[C(Thyqn)s (Vi,mn)] = /Q

(4.39)
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and .
Isallr + [Ivallu + |nn] = 3 + (1 + Co) nT2QY = C. (4.40)

Thus, (4.38)-(4.40) and h small enough to guarantee that
Co > Ch(1 4 2Cy + (1 + Cp)|Q))

imply
[B(sn), (Th:an)] + [C(Th an), (Vhs 7n)]
H(Chavh777h)||T><U><R
> = (Il
= T /
Z CC[) hilT
+ (0= CH(1+ 2Cy + (1+ o)) div Tl
C
2 Clirnlly 2 S Tn el p- (4.41)
Thus (4.34) is shown. ]

From the standard approximation properties [9, 7], the following error estimate is derived.

/ 2 /
Theorem 4.3 Letf € (L?" (Q)) andur € (WIrm(1))?. Let (¢, p,u, A) € Tx T x PxUXR
solve (2.13)-(2.15) and let (¢, ¥y, Phy Uny Ap) € Th, X Tt;i'u,h X P x Up X R solve (4.2)-(4.4). Assume
, 2x2 ,
1<m<k+1and (¢,4,p,u) € (W™ (Q)>? x (Wm’T (Q)> x W (Q) x (W (Q))? with

, 2
divp € (Wm”' (Q)> . Then there exists a positive constant C' such that

H¢—¢M%SC{W”&¢¢QW¢%MQ

m,w,9> } , (4.42)

+ K" <||¢||m,r,ﬂ + [l + 1% llme 0 + ldiv llme 0 + [lp]

b~ enllyy +llp — pulle < OB (labllosa + 1div ]

m,r’ ,Q + ||pHmaT’/79>

1/r
-%a¢¢m(zggw—gwmu¢—¢maﬁ . (4.43)

[u—wplly + A=A < C o — @pll7- (4.44)

Remark 4.3 The extension of Remark 4.1 to these approzimation spaces is given by: If 1/(|¢| +
|pn]) < C for some constant C > 0 and ||¢p — ¢ppllcc ~ ||P — @I, the estimates (4.42)-(4.44) may

be written as
16 = Pl + 119 = bullyr  + 1P = palle + [lu = wnllv + A = Al

ch@w

mrQ + [0 + |19llmr 0 + ldivp|me o + IIPHm,w,ﬂ} - (445)
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5 Numerical Experiments

In this section we describe numerical experiments that support the theoretical results outlined in
Sections 3 and 4. The first example illustrates the theoretical rate of convergence of the solution
method and the second example illustrates the computed approximation for a benchmark physical
problem. Computations are performed using the FreeFEM++ finite element software package [19].
All computations below are performed in the lowest-order case (k = 0).

5.1 Example 1

For this example (similar to one in [16]) approximations are computed for a Ladyzhenskaya law fluid
with v = 0 and v; = 1.0. The computational domain is Q = [0, 2] x [0, 2], with f and ur chosen so
that the exact solution of (2.10)-(2.12) is given by

u= [ul] and p=ux1 + 22,
Uz

with
up = —(4.0—xz1 —22)* and wug = —wuy

for o just large enough to ensure f = — div ) € W“—E”’/(Q). It should be noted that o = —% +1r +
—£- + ¢ ensures f € W”’T/(Q) for e > 0.

Computations are performed on uniform meshes of decreasing size h and for selected values of
r, a, and u. For 1 < r < 2, the resulting system of equations is nonlinear, and a fixed-point
iteration is used to compute approximations. The fixed-point iteration is terminated when the
pointwise maximum absolute difference in successive approximations falls below 107°. Results for
the velocity, u, the gradient of the velocity, ¢ (= Vu), and the total stress, 1, are shown in Table
5.1.

For this example, divy € W“_”'(Q) is the most singular of the quantities to be approximated.
The observed experimental convergence rate for ||divp — divapy||o,» of Ch* is in agreement with
that predicted by (4.16). The experimental convergence rates observed for ||¢— ¢y, ||r and [[u—up ||
are both better than that given by (4.16).

5.2 Example 2

This example is the benchmark driven cavity problem. Driven cavity flows of power law fluids were
computed using a mixed method by Manouzi and Farhloul in [23]. (In [23] the authors explicitly
inverted the constitutive equation to obtain ®,(o) = Vu, which was used in their formulation.)

For Q = [0,1] x [0,1], we have that f = 0 in Q, ur = 0 on I' \ Tyop and ur = [I 0% on [gep,
where I'to, is the portion of the boundary satisfying 0 < xq < 1 and x2 = 1. Computations were
performed for a power law fluid with 1y = 1.0 and selected values of r. Figures 5.1, 5.2, and 5.3
show plots of the streamlines computed for h = 1/32 for r = 2, » = 1.5, and r = 1.1, respectively.
As the power r in the constitutive law is decreased, we see a movement of the central vortex toward
the top of the cavity, corresponding to an increase in viscosity.
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| | h [[l¢—ullo, rate | [ldivep —divepfo,r rate | Ju—upfo, rate

1 2.5481 0.8014 37.3797
r=3/2 | 1/2 1.2633 1.01 0.4459 0.85 19.6284 0.93
p=1 1/4 0.6218 1.02 0.2426 0.88 9.8677 0.99
a=11/3| 1/8 0.3080 1.01 0.1299 0.90 4.9294 1.00
1/16 0.1534 1.01 0.0687 0.92 2.4623 1.00

1 1.3341 0.2556 10.5023
r=3/2 | 1/2 0.6899 0.95 0.1824 0.49 5.3111 0.98
w=1/2 | 1/4 0.3405 1.02 0.1294 0.49 2.6503 1.00
a=8/3 | 1/8 0.1677 1.02 0.0917 0.50 1.3223 1.00
1/16 0.0832 1.01 0.0648 0.50 0.6605 1.00

1 2.6967 1.3410 4721.1800
r=>5/4 | 1/2 1.3109 1.04 0.7234 0.89 | 2553.9800 0.89
p=1 1/4 0.6325 1.05 0.3833 0.92 | 1285.9000 0.99
a=37/5|1/8 0.3094 1.03 0.2007 0.93 | 635.6200  1.02
1/16 0.1533 1.01 0.1042 0.95 | 315.0940 1.01

1 1.4671 0.1661 363.2130
r=>5/4 | 1/2 0.7461 0.98 0.1176 0.50 | 191.1110  0.93
w=1/2 | 1/4 0.3604 1.05 0.0832 0.50 94.7585 1.01
a=27/5] 1/8 0.1746 1.05 0.0588 0.50 46.8215 1.02
1/16 0.0860 1.02 0.0416 0.50 23.2479 1.01

Table 5.1: Approximation errors and rates of convergence for Example 1.

Figure 5.1: Streamlines for r = 2.0, driven cavity

References

[1] R.A. Adams and J.J.F. Fournier, Sobolev Spaces, vol. 140 of Pure and Applied Mathematics,
Academic Press, 2003.

21



r=15

1 — — == —

0.25

0.2
' 0.15
' 0.1
) 0.05
0

. 1

Figure 5.2: Streamlines for » = 1.5, driven cavity

Figure 5.3: Streamlines for » = 1.1, driven cavity
[2] D.N. Arnold, J. Douglas Jr. and C.P. Gupta, A family of higher order mixed finite element
methods for plane elasticity, Numer. Math., 45, 1-22, 1984.

[3] J. Baranger and K. Najib, Analyse numerique des ecoulements quasi-Newtoniens dont la vis-
cosite obeit a la loi puissance ou la loi de Carreau, Numer. Math., 58, 35—49, 1990.

[4] J. Baranger, K. Najib and D. Sandri, Numerical analysis of a three-fields model for a quasi-
Newtonian flow, Comput. Methods Appl. Mech. Engrg., 109, 281-292, 1993.

[5] R.B. Bird, R.C. Armstrong, and O. Hassager, Dynamics of Polymeric Liquids, John Wiley and
Sons, New York, 1987.

[6] S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods, Springer-
Verlag, 1994.

22



[7]

8]
[9]
[10]

F. Brezzi and M. Fortin, Mized and Hybrid Finite Element Methods, Springer-Verlag, New
York, 1991.

P.G. Ciarlet, The Finite Element Method for Elliptic Problems, STAM, 2002.
A. Ern and J.-L. Guermond, Theory and Practice of Finite Elements, Springer-Verlag, 2004.

V.J. Ervin and J.S. Howell and I. Stanculescu, A dual-mixed approximation method for a
three-field model of a nonlinear generalized Stokes problem, Clemson University Department
of Mathematical Sciences Technical Report TR2007_08_EHS, 2007.
http://www.math.clemson.edu/reports/TR2007_08_EHS.pdf

V.J. Ervin and H. Lee, Numerical approximation of a quasi-Newtonian Stokes flow problem
with defective boundary conditions, to appear, SIAM J. Numer. Anal..

V.J. Ervin and T.N. Phillips, Residual a posteriori error estimator for a three-field model of a
non-linear generalized Stokes problem, Comput. Methods Appl. Mech. Engrg., 195, 2599-2610,
2006.

M. Farhloul and H. Manouzi, On a mixed finite element method for the p-Laplacian, Canad.
Appl. Math. Quart., 8, 67-78, 2000.

G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations, Vol.
1, Springer-Verlag, New York, (1994).

G.N. Gatica, M. Gonzalez, and S. Meddahi, A low-order mixed finite element method for a
class of quasi-Newtonian Stokes flows. Part I: a priori error analysis, Comput. Methods Appl.
Mech. Engrg., 193, 881-892, 2004.

G.N. Gatica, M. Gonzalez, and S. Meddahi, A low-order mixed finite element method for a
class of quasi-Newtonian Stokes flows. Part II: a posteriori error analysis, Comput. Methods
Appl. Mech. Engrg., 193, 893-911, 2004.

V. Girault and P.A. Raviart, Finite element methods for Navier-Stokes equations, Springer-
Verlag, Berlin, Heidelberg, 1986.

C.D. Han, Multiphase Flow in Polymer Processing, Academic Press, New York, 1981.

F. Hecht, A. LeHyaric, and O. Pironneau. Freefem++ version 2.12-1, 2007.
http://wuw.freefem.org/ff++.

E. Kreyszig, Introductory Functional Analysis with Applications, Wiley Classics Library, John
Wiley & Sons Inc., New York, 1989.

0O.A. Ladyzhenskaya, New equations for the description of the viscous incompressible fluids and
solvability in the large of the boundary value problems for them, Boundary Value Problems of
Mathematical Physics V, American Mathematical Society, Providence RI, (1970).

P.D. Lax, Functional Analysis, John Wiley and Sons, New York,, 2002.

H. Manouzi and M. Farhloul, Mixed finite element analysis of a non-linear three-fields Stokes
model, IMA J. Numer. Anal., 21, 143-164, 2001.

23



[24]

[25]

[26]

[27]

[28]

[29]

R.G. Owens and T.N. Phillips, Computational Rheology, Imperial College Press, London, 2002.

P.A. Raviart and J.M. Thomas, A mixed finite element method for 2-nd order elliptic problems,
Lecture notes in Math., 606, 292-315, 1977.

M. Renardy and R.C. Rogers, An Introduction to Partial Differential Equations Springer, New
York, 1993.

J.E. Roberts and J.M. Thomas, Mixed and hybrid finite element methods, in Handbook of
Numerical Analysis, Vol. 11, Finite element methods, Part 1 (P. G. Ciarlet and J. L. Lions,
eds.), North Holland, Amsterdam, 1989.

D. Sandri, On the numerical approximation of quasi-Newtonian flows whose viscosity obeys a
power law or the Carreau law, RAIRO Modél. Math. Anal. Numér., 27, 131-155, 1993.

D. Sandri, A posteriori estimators for mixed finite element approximations of a fluid obeying
the power law, Comput. Methods Appl. Mech. Engrg., 166, 329-340, 1998.

24



