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Abstract. In this article, we investigate the solvability theory and numerical simulation for two-
side conservative fractional diffusion equations (CFDE) with variable-coefficient K (z). We introduce
u = —K Dp as an intermediate variable to isolate K (z) from the nonlocal operator, and then apply the
least-squares to formulate a mixed-type variational formulation for the unknown and the intermediate
variable. Correspondingly, the admissible space for the solution is decomposed as a direct sum of
a regular fractional Sobolev space and a space spanned by two known kernel-dependent singular
functions by proving that the two-side fractional derivative operator is a bijective mapping from
its admissible space to L?(Q2). The solution p and u then are represented as a sum of a regular
part and a kernel-dependent singular part with two undetermined constant coefficients, which can
be expressed by prescribed boundary conditions and derived orthogonal decomposition for L2(£2)
respectively. Thus, a new regularity theory for the solution is established in terms of the right-hand
side only, which extends those regularity results of one side CFDE in [17, 39], and of fractional Laplace
operator corresponding to 6 = % in [1, 14] to more general CFDE with variable diffusive coefficients
for 0 < 0 < 1. Then, we design a kernel-independent least-squares mixed finite element procedure
(LSMFE). Theoretical analysis and numerical experiments conducted in this article demonstrate
that the LSMFE can capture the singular part of the solution exactly, approximate the solution with
optimal-order accuracy, and be easily implemented.
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1. Introduction. We consider the following two-side conservative fractional dif-
fusion equation(CFDE) with variable coefficient K(z) and 0 < 8 < 1,

—{06DL — (1 - 0), D} "}(K () Dp) = f(x),z € 2 := (0,1),

U o) =) =,

where D = % represents the first-order spatial derivative; 6 (0 < 6 < 1) indicates the
relative weight of forward versus backward transition probability; K (z) is a diffusive
coefficient with positive upper and lower bounds, i.e.,

0< K, <K(z)< K",

*This work is supported in part by the NSF of China Grant nos.11471196, 10971254, 11471194,
11501326, by the NSF of Shandong Province of China under Grant no.ZR2016JL004 and by EAR-
0934747, DMS-1216923 and the OSD/ARO MURI Grant nos. W911NF-15-1-0562.

TSchool of Mathematics and Quantitative Economics, Shandong University of Finance and Eco-
nomics, Jinan 250014, China. Email: yangsuxiang@sdufe.edu.cn

fCorresponding author. School of Mathematical Sciences, Shandong Normal University, Jinan
250014, China. Email: chhzh@sdnu.edu.cn

$Department of Mathematical Sciences, Clemson University, Clemson, SC 29634, USA. Email:
vjervin@clemson.edu

9YDepartment of Mathematics, University of South Carolina, Columbia, SC 29208, USA. Email:
hwang@math.sc.edu



and f(z) refers to the source or sink term. (D17, ,D1™” denote the left and right
Riemann-Liouville fractional derivatives of order 1 — 3 defined by [29, 30]

oD 0= 0If0), oIy = gy Jy (=) Mo(r,

1.2
(1-2) 2D v ==L (), o= JH(t— )P o(t)dt,
with T'(-) being the Euler gamma function.

The CFDE (1.1), derived by incorporating Darcy’s law with the fractional mass
balance [10, 37], describes a physical phenomena exhibiting anomalous diffusion in
subsurface fluid flow [3] and solute transport [26], and thus has attracted considerable
attention. Many numerical methods, mainly based on the finite difference framework,
have been developed (see [7, 18, 20, 22, 25, 27, 28, 36, 38, 40, 42] and the references
cited therein).

As the mathematical structure and properties of the CFDE (1.1) is not com-
pletely understood, it is reasonable to develop its Galerkin variational formulation for
predicting its mathematical properties and also inducing an easily-computed finite
element procedure. In this line, Ervin and Roop [11, 12, 13] proposed a theoretical
framework for the Galerkin finite element approximation to the fractional diffusion
equation with constant diffusion coefficient. Subsequently, the discontinuous Galerkin
method [9], Petrov-Galerkin method [17, 19, 32, 33] and mixed finite element [6, 16]
were developed successively for its constant coefficient version. However, there has
been little research on direct finite element simulations for the CFDE with variable
coefficient K (x).

The difficulties in finite element simulation for the variable-coefficient CFDE (1.1)
lie in that the coercivity of the Galerkin weak formulation may not be true, and thus
the finite element solution may not converge as pointed out in [32, 33]. To over-
come these difficulties, [34] developed a Petrov-Galerkin procedure with an optimal-
order convergence for sufficiently smooth solutions. However, it needs to construct a
K (xz)—dependent and nonlocal test function space from its trial function space by a
nonlocal transform to ensure the LBB constraint, which may increase its computing
burden.

Recently, we developed a series of mixed finite element procedures in as in our
previous work [6, 16, 23, 31, 39] for the CFDE (1.1) corresponding to § = 1 based on
the intuitional decomposition for the admissible space of one-side differential operator
as a direct sum of this subspace and the kernel space. But these results can not be
generalized in parallel to two-side case and the solution structure of (1.1) is far from
clear, which becomes a major impediment for better understanding and simulation to
these diffusion processes governed by (1.1).

In this article, we introduce © = —K Dp as an intermediate variable to isolate
K (x) from the nonlocal operator and combine the least-squares technique to propose
a mixed-type Galerkin formulation and corresponding mixed finite element procedure.
The main objectives are to: (1) prove the two-side differential operator of order 1 — 3
is a surjective mapping from admissible space of the operator to L?(Q2). Especially,
the surjective mapping becomes bijective as the kernel function is wiped out from the
admissible space to ensure the existence and uniqueness of the solution to (1.1); (2)
decompose accordingly the admissible space as a direct sum of a regular fractional
Sobolev space and a space spanned by two known kernel-dependent singular func-
tions and express the solution p,u as a sum of a regular part and a kernel-dependent
singular part, respectively, with two undetermined constant coefficients which can be

2



calculated from prescribed boundary conditions and derived orthogonal decomposi-
tion for L? space, respectively. Thus, a new regularity theory for the solution of (1.1)
is established in terms of the right-hand side only, which clarifies the structure of the
solution to (1.1), and also extends those results of one side CFDE in [17, 39] and
of fractional Laplace operator in [1, 14] to general fractional diffusion operator (1.1)
with variable coefficient and 0 < 8 < 1; (3) design a least-squares mixed finite element
procedure (LSMFE), from which, the regular part of the solution can be computed
with an optimal order convergence rate and the singular part can be calculated almost
exactly combined with the expression of the two undetermined constant coefficients.
This guarantees that the procedure can capture the singular part of the solution ex-
actly and keep the convergence order optimal whatever the solution to (1.1) is. In
addition, the corresponding algorithm is easily implemented since the approximation
spaces involved are typical finite element spaces; (4) prove rigorously the optimal con-
vergence for the LSMFE and conduct numerical experiments to verify the robustness
of the proposed finite element procedure.

The outline of this article is as follows. In Section 2, we review the definitions and
properties of fractional operators and fractional spaces, and then prove the equivalence
between two-side fractional derivative space and classical Sobolev space. In Section 3,
we discuss kernel space, boundness and invertibility of two-side fractional differential
operator, prove the two-side differential operator of order 1 —f is a surjective mapping
from its admissible space to L?(£2) and also a bijective as the kernel function is wiped
out from the admissible space, so to clarify solution structure of fractional equation
of order 1 — 3 to be a regular part and a kernel-dependent singular part with two
unknown constant coefficients, and then determine the unknown coefficient by giving
a orthogonal decomposition of L2(£2). In Section 4, we develop a least-squares mixed
formulation for the CFDE (1.1) by introducing the intermediate variable u, in which
the admissible space of the solution u is decomposed into a direct sum of fractional
Sobolev space and the known kernel-spanned space, so as to express the solution (u, p)
by its regular part and singular part with undetermined coefficient. Subsequently, we
demonstrate the solvability and regularity of the solution to the CFDE (1.1). In
Section 5, we propose a least-squares mixed finite element method (LSMFE) and
demonstrate its solvability and optimal-order convergence. In Section 6, we apply
numerical experiments to verify our theoretical results.

2. Fractional Derivative Space and Fractional Sobolev Space. In this
section, we shall review the definitions and properties of the fractional derivative
spaces and then discuss their equivalences to the fractional Sobolev spaces.

We first recall the definitions of fractional Sobolev space. For any s > 0, we denote
space H*(£2) to be the Sobolev space of order s endowed with the norm || - ||+(q)
and seminorm |- | g+ (), and H{(£2), a subspace of H*(Q2), to be the closure of C§°(Q2)
under the norm || - || g+ (q), where C§°(£2) denotes the set of all functions in C*°(Q)
with compact support in Q. Define H; () and H%(€2) to be the subspace of fractional
Sobolev space H*(2) as

H3;(Q) = {ve H*(Q) : v®)(0) = 0, for nonnegative integer k < s — 11,
H3(Q) = {v e H(Q) : v¥)(1) = 0, for nonnegative integer k < s — 3
respectively.
For the space H§(2), we have the following lemma [24].
LEMMA 2.1. [24] Assume that Q is bounded. Then, C3°(S2) is dense in H*(2)
for 0 < s < i. In this case, H*(Q) = H§(Q).
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Next, we present the definitions of fractional derivative spaces. We introduce the
one-side fractional derivative spaces as follows.

DEFINITION 2.2. [11, 89] Define the left fractional derivative space Ji () to be
the closure of C§°(Q) for 0 < s < 3, and the closure of C*(Q) for 3+ < s <1, under
the norm

(2.1) -

Similarly, the right fractional derivative space J3 () can be defined.

For the left derivative space J7 (€2), we have the following decomposition lemma
proved in [39].

LEMMA 2.3. [39] Let 0 < s < 1. Then

1
sz = {l-1?+ D317} 2.

JS(Q)— HS(Q)7 for 0§3<%7
P Hi (@ @spanferl), for 3<s <1

Further, for any v € Hi(Q), there exist positive constants C1 and Co such that

(2.2) Cilv

75 @) < vlms@) < Calvl: @)

The proof as in Lemma 2.3 can be applied to derive the decomposition for the
right fractional derivative space J§(12).
LEMMA 2.4. Let 0<s<1. Then

H:(Q), for 0<s< 1,
H3(Q) @ span{(1 — z)*"'}, for 3 <s<1.

Jr(Q) = {

Further, for any v € H},(Y), there exist positive constants C1 and Cy such that

(2.3) O1|’U

75 < vlas) < Calvlys@)-

To study the two-side fractional diffusion equation (1.1), we define the corre-
sponding two-side fractional derivative spaces as follows.

DEFINITION 2.5. [11] For 0 < 6 < 1, define the two-side fractional derivative
spaces J§(Q) to be the closure of C§°(2) for 0 < s < i, and the closure of C*(Q) for
% < s < 1, under the norm

1
(2.4) - g = - 12+ 1- By},
with semi-norm

(2.5) |z = {20 D5 - I + (1 = 0)[|. D5 - |2} 2.

REMARK 2.1. For s =0 and 1, the fractional derivative in this definition reduces
to an identity operator and first-order derivative [30] respectively, and thus the space
J3(Q) reduces to L*() and H(Q), respectively, and the corresponding CFDE sim-
plifies to the classical first-order and second-order differential equation, which have
been extensively studied. In addition, for 8 =0 and 1, (1.1) simplifies to the left-side
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or right-side fractional differential equation, respectively, which have been studied in
[6, 16, 39]. Therefore, we focus only on the case 0 < s < 1 and 0 < 6 < 1, or
equivalently, 0 < f <1 and 0 < 6 < 1 in the CFDE (1.1).

Next, we present the relationship between the fractional derivative space J§(£2)
and the fractional Sobolev space H*(2). Analogous to Lemma 2.3 and Lemma 2.4
we have the following theorem.

THEOREM 2.6. Assume 0 < 0 < 1,0 < s < 1 and s # 1. Then J3(Q) is
equivalent to HE(Y) and with equivalent semi-norm and norm.

Proof. As 0 < s < %, we directly obtain the equivalence between the fractional
derivative spaces J; (€2) and the fractional Sobolev space H§(§2) by combining the the
definition of the two-side fractional derivative spaces J;(€2), Lemma 2.3 and Lemma
2.4.

For 1 < s < 1and v € J§(Q), the definition of J;(€2) implies that v € J; (€2) and
v € J{(2). Then, for 0 < 8 < 1, v can be decomposed as, by Lemma 2.3 and Lemma
2.4,

v=uv +clasTh

v=wvy+c2(1—x)57L,

where v; € H;(Q), vo € Hy(Q) and ¢}, c? are constants. Subtracting these two
equalities, we have

vy —vg = c2(1— )"t =ttt
Sobolev imbedding theorem H*(Q2) — C°(Q), s > %, implies that v; — v, is continuous
over (), which forces ¢} = ¢2 = 0 and thus v; = vy = v. It follows that v € Hi(Q) N
H3,(Q) = H3(Q).

Conversely, for any v € Hj(Q2), then v € H} () and v € Hj(Q). Applying
Lemma 2.3 and Lemma 2.4 again, we obtain that v € Jj(€). This completes the
proof. O

As a straightforward result from Theorem 2.6, we have the following corollary
concerning the fractional operators.

COROLLARY 2.7. Assume (0 <60 <1,0<s<1 and s # % Then, the following
properties hold, for any v € J§(Q)

olzoDzv = oD3oliv = v,

(2.6)
i 2Div = ;DI I{v =wv.

3. The properties of two-side fractional derivative operator D;_B . In
this section, we shall discuss the mathematical properties of the two-side fractional
differential operator Dé_ﬁ defined by, for 0 < S <land 0 <6 < 1,

(3.1) D;_ﬁw == 00D Pw — (1 - G)xD}_Bw,
which are closely related to the solvability of the fractional equation
(3.2) Dy Pw =g in L*(Q).

For the kernel space of the operator D;fﬁ , we have the following characterization
(from (4.14) and (4.15) of Lemma 4.3 in [10]).
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LEmMA 3.1. ([10]) Ker(Dé_B), the kernel space of the operator Dé_ﬁ, is given
by

(3.3) Ker(Défﬁ) = span{x(z)},
where k(x) :=a™ (1 —x)™, r1,r9 and B satisfy

(a’) T+ Ty = 757 with 75 S T1, T2 § 07
(3.4) (b) Osin(m(—rs)) = (1 — 0) sin(r(—r1)).

REMARK 3.1. Although D;_Bn(x) =0for0<0<1, r(z)¢ J;_B(Q) since

F<r1 + 1)1,77"271

1=By(z) =
ODr ( ) F(—T‘g)

(1—a2)™" 71 ¢ L*(Q).

3.1. Properties of D;_’Q and Solution Structure of (3.2). In this subsec-
tion, we shall decompose the admissible space of (3.2) as a sum of Hol_ﬂ (©) and the
kernel-spanned space, and prove that Défﬁ is a bijective mapping from its admissible
space to L2(£2). Thus, the solution structure can be clarified.

For this purpose, we begin by showing the boundness of the operator Dé_ﬁ over
the space Jel_ﬁ (Q) or Hy P () in the following two lemmas.

LEMMA 3.2. Assume0 <60 <1,0< < %. Foranyv € J;_ﬁ(Q) (orHé_B(Q)),
there exists constants M > 0 such that

1- 1—
(3:5) D5 0l* = M[vll%ams ) (or D50l > Mol

) é*‘?m))'

Proof. Tt suffices to show the first inequality (3.5) since H, ~2(Q) is equivalent to

Jy P (Q).
Since
1Dg~vl|? = 180D}~ Fv — (1= 6), Dy o2
(36) = 6%oD3 |+ (1= 0)[l.Dyv|[> = 20(1 - 0)(cDy P, . Dy )
= Migfﬁ(ﬂ) —20(1 — ) cos(m(1 — 5))“700D315_ﬂ5”2L2(R)7
where

(0D v, . Dy v) = (oo DL P8, . DL 00) 12wy = cos(n(1 — )| oo DL 20| 12m),

is used and © is the extension of v by zeros outside of  (See Lemma 2.4, [11]).
Since 0 < 8 < %, cos(m(l —3)) <0, so

_ 1—
(37) 1660150 — (1= 6D} Pl 2 of2,
which implies the first inequality (3.5). O
LEmMMA 3.3. Let 0 < 0 <1,0< 8 < % . The operator Dé_ﬁ is a bounded
linear operator from HéfB(Q) onto its range R(Défﬁ). Further, the range is a closed
subspace of L*(Q)) and the operator Déf’g has a bounded inverse on the range.
6



Proof. We begin the proof by applying Theorem 2.6 and the inequality
(3.8) 1D~ ¢ll < 0llo Dy 26 + (1 = 0)||- D1~ ¢ll < Cllg ]l 15 e

to conclude that Dé_ﬁ is a well-defined and bounded linear operator from Hé ()
into L2(€2), and thus onto R(D,").

The remaining is to prove the closeness and invertibility, which is split into the
following three steps.

I. The operator Dé_ﬂ is one-to-one from Hé_B(Q) to L?(Q). In fact, for

g€ R(Dé_ﬁ), if there exist o1, o2 € Hé_B(Q) satisfying
Dy Po1=9, Dy Pe=g,
then,
Dy P (g1 — p2) =0,

which implies that ¢; — 9 is a kernel function and also lies in H ~A(Q). This forces
p1 — w2 = 0 by Remark 3.1, that is, ¢1 = 3. Then, Dé_ﬁ is a one-to-one mapping
from Hy ?(Q) to L*(Q).

II. The range R(Dé_ﬁ) is a closed subspace of L*(Q). It suffices to prove
the range’s closeness since one can easily verify that ’R(Dé_ﬁ ) is a subspace in L?(Q2).

Let {gn}22, C ’R(Dé_ﬁ) be a sequence that converges to g € L?(2). By the defini-
tion ofR(Défﬂ), there exists a sequence {¢,, }52, C H&fﬁ (€2) such that Défﬁgon = gn.
Using (3.5), we have

1 1— 1—
ﬁ”@n - ‘PmHHé—ﬁ(Q) < HD0 ﬁ‘?n - De /3%07”” = ||9n - gm||7

which implies that {¢, }2, is a Cauchy sequence in Hy~?(£2), and thus ¢,, converges
toap € Héfﬂ(Q). Further, as n tends to oo

1— 1— 1— 1—
1Dy "o —gll < 1Dy o —Dy P onll + 1Dy on — gll
< H‘Pfgon”Hé*ﬁ(Q)Jngn*g” — 0,

which implies D;_*Bap =g and R(’Dé_ﬂ) is a closed subspace of L?(1).

III1. Dé_ﬁ has a bounded inverse on the range. The invertibility of the
operator Dé_ﬁ follows immediately from the operator being one-to-one and onto from
Héfﬁ(ﬂ) to R(D;fﬁ), given in Step I and at the very beginning of the proof. Then,
using the definition of the operator norm and (3.5), we derive the boundness of its
inverse,

(D™ ") all 1-5 L IDL B (DL P g
1-8\—1 _ . 0 Hy () . VM [ 4 9
1Py ") = sup T < sup T
gER(Dy ") gER(Dy ")
1
—=llgll
< vV M — 1 .
= Sup llgll VM

geER(Dy™ ")

Combining the conclusions of I, IT and ITI, we complete the proof. O



Checking the proof of Lemma 3.3, we notice that Dé_ﬁ : HS_B(Q) — L2(Q) is
not surjective, since, for zx(x) ¢ Héfﬁ(Q), 0<B<4%

(3.9) Dy P (zk(z)) = —CIT(2 = B) := C, € L*(Q) with CF = ——=n(md)

sin(7ry)+sin(nra)

This shows that the admissible space for (3.2) is larger than H375 (©) and should
contain, at least, the function zk(z). Fortunately, when zk(z) is added, the operator
D;_B becomes a bijective mapping from Hé_B(Q) @ span{xr(z)} to L?(Q). This is
the following theorem.

THEOREM 3.4. Let 0 < 8 < %,O < 6 < 1. Then, the operator Dé_ﬁ is bijective

from H}™P(Q) @ span{zr(z)} to L2().

Proof. Applying Theorem 2.6 and (3.9), we conclude that Dé75 is well-defined on
H, ~P(Q) @ span{zk(z)}. We next prove the operator is injective and also surjective
mapping, respectively.

The operator D;_ﬂ is an injective mapping from H, ?(Q) @ span{zx(z)}
into L2(Q). In fact, for a given g € L2(Q), suppose that there exist @1, € Hy " (Q)
and constants C7, Cs such that

Dy (1 + Cran(z) =g, Dy o2+ Cownla)) = g.
Then, by applying (3.9), we get
Dy~ (1 — 2) = (C2 = C1)C.
By Lemma 2.1 in [5], we obtain
1 — p2 = (C2 — Cr)wk(z) + C3k(2),

where Cj is an arbitrary constant. Noting that o1 — @2 € Hy ?(Q) and k(z), zr(z) ¢
Hé_’g(Q), we obtain ¢7 = g, Cy = C7, which implies that the operator D;_B is an
injective mapping from Hé_ﬁ(Q) @ span{zk(x)} into L?(Q).

The operator ’Défﬁ is a bijective mapping from H, ”(Q) @ span{zx(z)}
onto L%(Q). Let ﬁ(D;fﬁ) be the range of the operator Défﬁ to Héfﬁ (Q)pspan{zk(z)}.
Obviously, R(Dy %) € L2(9).

Now we are to show that ﬁ(Défﬁ) = L*(Q). It suffices to show that if g €
(ﬁ(Dé_ﬁ))l, the orthogonal complement of ﬁ(D:)—B) in L2(2), then g = 0. In fact,
for any ¢ € H&fﬁ(Q) and any constant C,

(9: Dy (¢ + Cn(x))) =0,
which implies
(9.5 "¢) + CC.(9,1) =0,

by applying (3.9). Taking ¢ = 0 and C' = 0, respectively, in above formula, we obtain

(3.10) (9.1) =0,
and
(3.11) (9,05 P0) =0, Yo Hy ().
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Let ¢, = (1 — 2)k(x)z™,n = 0,1,2,---. Then, by simple calculation, we get ¢, €
Héfﬁ(ﬂ) and

n+1

(3.12) Dy Pon =D busa® = poya (),
k=0

where

(=D*'T(@2 -8 +k)

(313)  buk = (-1)"CiT(r2 + Z)F(m —n+k+1)(n—k+2)(k+1)

Taking ¢ = ¢, in (3.11) and applying (3.10), we obtain
(314) (gapn('r)):o7 n:07172a7

where po(z) = 1. The separability of L?(Q2) implies that {p, (z)}§° is dense in L?(12),
and then, any g € L?(Q2) can be expressed as g(z) = Y. Cipi(z). Applying (3.14),
k=0

we obtain
(9:9) = (9. >_ Cpr()) = > Cilg, pi(w)) =0,
k=0 k=0

which implies g = 0.

This shows that (R(Dy 7))+ = {0} and R(D; ?) = L2(Q).

Combined the above two conclusions, we obtain D;fﬂ is bijective from Hé - Q)
span{zk(x)} onto L?(Q). O

REMARK 3.2. Although the operator D;_’B is bijective from Hy~ (Q)@span{zr(z)}
to L%(S2), we can not select Hé_ﬁ(Q)@span{xfz(a:)} as the admissible space of solution
to Equation (3.2) since the kernel function k(x) multiplied by any constants may also
be its solution. Therefore, the admissible space of solution to Equation (3.2) should
be HS_B(Q) @ span{k(z), zk(z)}.

Consequently, its solution can be decomposed as

(3.15) w=w+ Cprza(z) + Cyr(z),
and Equation (3.2) is reduced to
(3.16) Dy P =g:=g— CuC..

where W € Hé_B(Q) can be solved by the variational formulation of (3.16) when
the coefficients Cyx1 and C, are known. In fact, Cy can be determined by the pre-
scribed boundary conditions (see Section /), and Cyy is expressed by the following
L?-orthogonal decomposition theorem.

3.2. Decomposition of L?(f2). In this subsection, we shall give a decomposition
of space L?(12), and then, the coefficient C\;; can be determined.

THEOREM 3.5. Let 0 <0 <1 and 0 < g < % Then, L*(Q) can be orthogonally
decomposed as

(3.17) L2(Q) = R(Dy ") @ span{1 — r(z)},
9



where r(x) = Dé_ﬁ’ﬁz and vy € HS_B(Q) is decided by

(3.18) (Dy 59, Dy Pv) = (1,05 v),  Woe Hy P(Q).

Proof. Noting (3.9) and applying Theorem 3.4, we obtain the direct sum decom-
position,

(3.19) L*(Q) = R(Dy ") @ span{1}.

However, this decomposition is not orthogonal since (LD;B v) # 0 for some v €
1-8
Hy77 ().
By the definition of r(x), we have,
(1—r,Dy Pv)=0, VYwveH; ?(Q),

which indicates that the decomposition (3.17) is orthogonal.
We next prove that

L*(Q) = R(D, ") @ span{1 — r}.

For any g(z) € L?(Q), there exist a function ¢, € Héfﬁ(ﬂ) and a constant Cy, by
Theorem 3.4, such that

g = Dé_ﬂ%] +
. = D+ Ore)+ Gyl r(w)
= Dy "(pg + Cyu2) + Cy(1 = r(x))
€ R(Dé_ﬁ) @ span{l — r(z)},
and

(Dy " (pg + Cyin), 1 —1(x)) = 0,

by noting ¢4+ Cyv2 € HS_B(Q). This implies that the decomposition is L2?-orthogonal
decomposition, and thus complets the proof. O

REMARK 3.3. Based on the orthogonal decomposition, we can determine the
constant Cy for given g € L*() as follows:

(g’]- 77’)

(3.21) Cr1 = C.(Li=r)

where C, see (3.9) and r = Dé_’gﬁg with Uy € Hé_ﬁ(Q) is decided by (3.18). In fact,
by applying (3.20), we can get

(9—Cy(1—r),1—7)=0,
which and (r,1 —r) =0 (since r € R(D;_B)) indicate that

g, 1—r _
(3.22) C, = M and g—C, e R(Dy").
The fact that g € R(D;fﬁ) in (8.16) forces C.Cx1 = Cy, which and above formula
imply (3.21).
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4. Variational Formulation for (1.1) Based on Least Squares. In this
section we shall establish a least squares mixed Galerkin variational formulation inde-
pendent of the kernel function, prove its solvability over H} () x Hj ~#(Q) and show
its equivalence to (1.1).

Let u = —K Dp. Then, the CFDE (1.1) is split as

(a) - KDp = u,
(4.1) () Dy =,
(¢) p(0) =p(1) =0.
From the analysis in §3, we known that the admissible space of solution u to the

second equation of (4.1) is Hé_ﬂ(ﬂ) @ span{r(z),zx(x)}, and then, the solution u
can be expressed as

u=1u+ Cprak(z) + Crr(x),

where 7 € H, ~#(€) and C,; and C, be undetermined constants. However, zx(z) and
k(z) may result in a singularity at « = 0 and 1, and may heavily influence the con-
vergence rate of the corresponding numerical procedure if the variational formulation
is formed based upon (4.1) directly.

Let
(4'2> U=1uU—1Us —Us, P=D— Ps1— Ds,
where
us1 = Cazk(z), paa = —/ K Yug de,
(4.3) 0,
Us = CNK($)a Ps = _/ K_lusdgv
0

Equation (4.1) can be rewritten as

—KDp =1,
(4.4) Dy Pu=f,
p(0) =0,

with f = f — C.1C. € R(D, 7).
The undetermined constant Cy can be derived by (3.3) and the analysis of §3

(f,l—r)

(4.5) Cr1 = C.(Li=r)

where C, see (3.9) and r = D;7ﬁ1~12 with vy € H&fﬁ(Q) is decided by (3.18). The
other undetermined constant C; can be determined by the second boundary condition
p(1) = 0 and p, or specifically by the following formula

1
p(1) — /0 K_l(usl + us)d§ =0,
11



ie.,

p(1) — Cix fol K lzk(x)dx

(4.6) Jo K-na)de

- fol K~Yudz — Cyy fol K tak(z)dx
fol K-1k(z)dz .

As a conclusion, solving (4.1) is equivalent to solving (4.4) over the admissible
space HE(Q) x Hy P (Q) with p = p—ps, —ps and & = u— us, —u,. This allows us to
discuss the mathematical and numerical issues of (4.1) ( or (1.1)) through (4.4) and
(Psy s Usy )y (s, us)—term in the coming sections.

4.1. Variational formulation. Define the functional
(4.7) L([g,v)) = 3{J, |IKDq +v|?da + [, |Dy~ v — fl2dx},
which is to be minimized over H} () and Hé_ﬁ (€2). Define the bilinear form B([-,]; [-,]) :
(HL(Q) x Hy~"()) x (HL(®) x Hy~" () = R as
(4.8) B([p, ); [q,v]) = (KDp + 1, KDq +v) + (Dy "%, Dy~ "v),

and the linear functional F([,-]) : HL(Q) x Hé_ﬁ(Q) — R as
(4.9) F([g,v]) = / fDéfﬁvdx.
Q

The minimization leads to the following variational formulation: find [p,u] € H}(Q) x
Hé_ﬂ(Q) such that

(4.10) B([p, @); [g,v]) = F((q.v]), [q,v] € HL(Q) x Hy *(Q).

THEOREM 4.1. The minimizing problem L([p,u]) = min L([q,v])
[q.0]€HE(Q)x Hy 7 (Q)

is equivalent to the variational formulation (4.10).
Proof. For any s > 0, we define a quadratic function

D(s) = L([f+ sq, + s]).
Noting that

®(s) = L([p+ sq. u+ sv])
= HIKD@E+ sq) + (@+ s0)||2 + 1Dy~ % (@ + sv) - fI|*}
= ${(KDp+a, KDp + 1) + (Dy " — [ {D; i - f)}
+s{(KDp+ U, KDq +v) + (Dy Pu— f, D) Pv)}
+5{(KDg + v, KDg +v) + (D3 %0, Dy )}
Obviously, if [p, 4] minimizes the functional £, then ®(0) = (KDp + u, KDq + v) +

(Défﬁﬂ — ﬁDéiBU) = 0. This shows that [p,u] solves the variational formulation
(4.10).

12



Conversely, if [p, u] solves the variational formulation (4.10), then for any s > 0,
2
(s) = 2(0) + S{IIK Dg+ o[> + [Py *v]*} > 8(0),

which implies ®(0) = m>i(r)1(I>(s), and so [p, u] minimizes the functional £. O

With the help of Lemma 3.2 we can prove the solvability of the variational for-
mulation.

THEOREM 4.2. For 8 # %, there exists a unique solution [p,u] € HJ () x
H;~P(Q) to variational formulation (4.10).

Proof. For the coerciveness, we first note that from the definition of the bilinear
form B([-,];[-,-]) and Lemma 3.2,

B([g,v]; [g,v]) > (KDgq + v, K Dq +v),

(4.11) B([g,v]; [q,v]) > HDl ﬁU”Q > M|’

Jy Py

which leads to

+ 37)B(lg. v]; [g. v])

> (KDg+v,KDq+v)| + Hv||21 5

> (KDq, KDq) + 2(KDg,v) + 2|v]|”
> (KDgq, KDq) — 2||[KDqlf||v]| + 2[|v]]*

— 1(KDq, KDq) + {1(KDq, K Dq) — 2| K Dall[o]] + 2|[v]*}
— (K Dq.KDq) + { 5| KDq|| — V2v]}?
> 1K Dl

Applying the equivalence of the semi-norm and norm over H; () and Theorem 2.6,
we obtain, with constant My > 0, the final coercivity of the bilinear form

2B([g,v); [g,]) > gtan 1K Dall” + MZ|[oll%s-s

(4.12)
> Mo{llgllf + HU”?KII—/?(Q)}'

The continuity of the bilinear form follows from an application of Cauchy-Schwarz
inequality and the triangle inequality

B([p,1; [q,v]) = (KDp + i, KDg + v) + (D)%, Dy ~v)
(IK D] + [l (1K Dall + [[v]]) + D~ @I Dy~ ||
2max{K*, 1}(IIp]1} + @)= (lal} + [[v]*)
(4.13) +v2(0%]o YA + (1 — 0)2]|. Dy a]|?)
V2(0*[o DL Pol? + (1 = 0)2||. D v|?)
2maxc{ K*, 1} (IpI1} + @)= (llgll} + [l = + 2|[ull 2=y lvll j1-5 )
= M2(Hﬁ”% + ||ﬂ||%11—/d)%(||qm + HU||H1 lf(Q))%

IN N

Wl o= NI

VANVAN

The continuity of the linear form F([g,v]) = (f, Dé_ﬁv) over the space H} (Q2) x
Héfﬁ(ﬂ) is obvious.

Applying the Lax-Milgram lemma, we obtain the existence and uniqueness of the
variational form. O
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Now we shall clarify the equivalence between the variational formulation and the
CFDE (1.1).

THEOREM 4.3. Assume that f € L*(Q) and 0 < B < 5. If [p,u] solves the
variational formulation (4.10), then p = p + ps, + ps € HE(Q) is the solution of
the FDE (1.1) and w = —KDp. Conversely, if p € HE(Q) solves (1.1), then p =
p—ps, —ps € HL(Q) andu=—-KDp € Héfﬁ(Q) are the solution of the variational
formulation (4.10).

Proof. The analysis at the beginning of this section and the derivation of the
variational formulation presented in Theorem 4.1 and Theorem 4.2 imply the second
assertion of this theorem. Therefore we only need to show that the first assertion
holds.

The key idea of proof is to decompose the variational formulation (4.10) into a
system for p and a system for u by carefully selecting test functions.

Taking v = 0 to obtain the decomposed equation for p

(4.14) (KDp+u,KDq) =0, Vg€ Hp(Q).

For any w € L2(Q), let q, = [y K 'wd¢ € H} (). Substituting it into (4.14),
we derive

(KDp+u,w)=0 VYwe L*Q),
which leads to that p € H'(Q) satisfies
(4.15) —~KDp = in L*(Q) — sence.

To obtain the decomposed equation for @, we substitute (4.15) into (4.10) to
derive

(4.16) (Dy ", Dy o) = (f. Dy "v),  Vue Hy Q).

This equation is viewed as another variational formulation, in which the bilinear form
defined by

(D ", Dy Py Hy P(Q) x Hy P () = R
is continuous and coercive from Lemma 3.2, and the linear form
(F. DY) HYP(0) R

is continuous. Using Lax-Milgram lemma again, we know that there exists a unique
solution & € Hy ?(Q) to (4.16).
Next we shall show that

(4.17) Dy Pu=f.
Nothing that f € R(D;fﬂ), i.e., there exists a function p(z) € H&fﬂ(Q) such that

D;_’Bp(az) = f. Taking v = & — p in (4.16), we obtain & = p, which implies (4.17).
Substituting (3.9), (4.3) into (4.15) and (4.17), we have

(4.18) —KDp = u,

(4.19) Dy Pu = f,
14



which lead to the first equation of (1.1).
Finally, we verify the boundary condition. Applying (4.15), we solve p as

T
(4.20) p= —/ K~ 'ude.
0
which, (4.3), the expression Cy; (4.5) and the expression Cy; (4.6) lead to
p(0) = 0,
p(l) = +psl( ) +ps

/K udx—C’,ﬂ/K xk(x dx—C/K =0.

This completes the proof. O

From Theorem 4.2 and the proof of Theorem 4.3, we obtain the following corollary
immediately.

COROLLARY 4.4. Under the condition of Theorem 4.3, variational formulation
(4.10) is equivalent to (4.14) and (4.16).

Suppose that C,;; = C,;, = 0in Theorem 4.3. Then us; = us = 0 and ps; = ps = 0,
which leads to the following corollary

COROLLARY 4.5. Suppose 0 < B < 1,0 <6 <1, f € L*(Q) and Cu1 =
C. = 0. If [p,u] € HL(Q) x H;?(Q) solves variational formulation (4.10), then
p=1p € H>B(Q) N HYQ) satisfies fractional diffusion (1.1). Conversely, if p €
H2P(Q) N HY(Q) satisfies (1.1), then [p,u = —KDp] € HL(Q) x Hy ?(Q) solves
(4.10).

REMARK 4.1. Theorem 4.3 implies that for the solution of equation (1.1) (or
(4.1)), we only need to solve variational formulation (4.10) and then add the Cy1, Cy-
term to express the solution as

o~ R _ R
o) p o= 5=Ca | K@i —C, [ K(e)ds
= u+ Cuza(z) + Cyur(x),

where Cy1 and Cy are determined by (4.5) and (4.6), respectively.

2. Regularity. In this subsection, we shall discuss the regularity using (4.15),
and (4.17), and the properties of integral operator Défﬁ proved in Section 3.

THEOREM 4.6. Assume that f € L?(Q), 0 < B < 3 and 0 < 6 < 1. For

0 < v < 3, the solution p of the fractional diffusion (1.1) ( or (4.1) ) satisfies the
following regularity estimates in terms of the right-hand side f

(a) Assume Cyy = C,, =0. Then p € H>=A(Q) N H () and
1Pl 2-5(0) < Cllullgi-s) < Cllfllz2(o);
(b)  Assume Cyry #0,C = 0. Then p € H>F(Q) ® H* ™ 7(Q) and
Il zrra 14 0) < Cllfllz2(0);
(¢) Assume Cy1,Cx #0. Then p € H>7A(Q) @ Hénin{Tl’TQ}+1+'y(Q) and
[Pl rmintrs rare144 @) < CllfllL2(0);
(d)  Assume Cyy # 0, C, # 0. Then, p € H*P(Q) N HI(Q) and

1Pl 72502y < Clltll -5y < Cllfll L2
15




where p=p —ps1 — Ps, U=1u — Usy — Us.
Proof. Using (4.1), the solution can be rewritten as

D) = Cazk(z) + Cur(z) + (Dy °)71f,
' = — [y K tudt.
and f € R(D; 7).

Assume Cy; = C,, = 0 and f € L?(Q). In this case, f = f, and u = (Dé_ﬁ)’lf by
(4.22). Then, applying Theorem 3.3, we can derive the regularity of u: u € Héfﬁ(Q),
and the regularity of p: p € H>#(Q) N H}(Q). Applying the boundness of integral
operator (D, 7)~1 : R(D, ") € L*(Q) — Hy ’(Q) and [ : Hy *(Q) — H>F(Q),
we obtain

Il 25y < Cllullgi-s0) < CllfllL2@)-

Next, assume Cx; # 0,C. = 0. In this case, v = Cyoizr(z) + (Dé_ﬁ)_lf by
(4.22). The solution u contains singular parts xx(z) € H"™T7(Q) and a regular
part (D~ ")=1f € Hy " (). This implies u € H, ?() @ H™t7(Q), and thus p €
H278(Q) @ H™+117(Q). The appearance of singular parts zx(x) and H>#(Q) C
H™7(Q), since 7 + 1+ < 2 — 3, implies that p € H™T1+7(Q), no matter how
regular the right term f is. By a simple computation we obtain |Cy1| < C||f|lz2(),
and

lul gty < ClCual+Clifl2@ < Cllfl2 @),
P+ < Cllullgrat ) < Clifllz@)-

Assume Cl1,Cy # 0. The solution u contains singular parts xx(z) € H™17(Q),
k(z) € H™{rur2b+v(Q) and a regular part (Défﬁ)*lf € Héfﬁ(fl). This implies
we Hi P (Q) @ H™intrir23+7(Q), and thus p € H2#(Q) @ H™n{rir23+147(Q). The
appearance of singular parts z#(x), #(x) and H2~#(Q) ¢ H™Mror}+147(Q) | since
min{ry, 7} 4+ 1+~ < 2 — 3, implies that p € H™»{ru721+147(Q) no matter how
regular the right term f is. By a simple computation we obtain |Cy1| < C||f|lz2(),

G| < Cllll 20y < Cllfll2 (), and

[ull gmintriray vy < CLUCk| +1Ckl + [ fllzz e} < Cllif 22

||p||Hmiu{r1,'7‘2}+1+’7(Q) S ||UHHmin{rl,rz)ﬁ»fy(Q) S CHfHLz(Q)

Similar to the proof of (a), we derive the result of (d). This completes the proof.
0

REMARK 4.2. [t is easily seen that when 0 = % and K = constant, the fractional
diffusion operator on the left hand side of (1.1) is equivalent to the fractional Laplace
operator defined by Riesz potential. In this sense, Theorem 4.6 extends the reqularity
result proved in [1, 14] for fractional Laplace operator, corresponding to 6 = % and
K(x) = constant, to general fractional diffusion operator (1.1) for 0 < 6 < 1 and

variable coefficient K (x).

5. Finite Element Approximation. In this section, we shall develop a least
squared mixed finite element scheme over those typically used finite element spaces
based on the variational formulation (4.10) and then conduct the optimal convergence
analysis.
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Let &, be a uniform partition of the domain 2
%h = {Ij = (Z’J,l,xj),j = 1327"'uN}

with z; = jh, j = 0,1,2,---, N, and the mesh step h = % Let Hy, and V}, be the
finite dimensional subspaces of H1 () and Héfﬁ(Q):

Hh:{qh EH}/(Q)OCO(Q)ZC]}L I; GP]C(IZ'),’L': 1,2,-~-,N}, k> 1,
Vi ={vn € HP(Q) s op|y, € P(L),i=1,2,---,N}, 1>1.

(5.1)

Here Py (I;) denotes the set of polynomials of degree not larger than & on I;.
Then, the mixed finite element formulation based on least squares techniques is
to find [pr,up] € Hy, X Vp, such that

(5.2) B([pn, unl; [an, vu]) = Fu(lan, vnl); Vign,ve] € (Hp X Vy).

where Fj,([qn,vn]) = (fa, D;fﬂvh),fh = f—CMC,, C. see (3.9), CP is determined
by (5.3). The solvability of the problem (5.2) is guaranteed by the coercivity and
continuity of the bilinear form B([:,:]; [:,:]) and presented by the following theorem.

THEOREM 5.1. For 0 < 8 < %, there exists a unique solution [pp,up] € Hy x Vp,
to the least squares mized finite element formulation (5.2).

Proof. Since Hj, x V), are subspaces of H;(Q) x Héfﬂ(ﬂ), by the analogous
argument as in Theorem 4.2 and Lax-Milgram lemma, we obtain the conclusion of
this theorem. O

REMARK 5.1. In the implementation we can use (4.16) and (4.14) to design a
decoupled scheme to compute uyp and pp, and then to compute up and py,.

Step 1. Determine C™.

(fv 1-— ’I“h)
oL i—rp)

(5.3) Clhy =
where Cy satisfies (3.9) and r, = Dé_ﬁﬁzh with Ve 5, € Vy, is determined by
(5.4) (Dy " Ton, Dy Pon) = (1,05 Puy), You € V.

Step 2. Determine up, satisfying

(5.5) (D;_’Bah,D;_th) = (}';"“'Dé_ﬁvh)’ Yo, € Vp,,

where f, = f — ChC,.
Step 3. Determine py, satisfying

(56) (KDﬁh,Kth) = —(ﬂh,Kth), th € Hy,.

Step 4. Determine pp,up. we define

~ o [ P
. o= B Cly | K enode— ol [ K@
up, = Up +CMak(x) + Clk(z)
17



to approzimate p and u of the solution of (1.1) (or (4.1)) with

(5.8) oh — pr(1) — Cly fol K~ 'ak(z)dx
. i fol K-1k(z)dz

)

- fol K lupdx — Chy fol K lzk(x)dx

(5.9) or Ch= :
Jo K~ 1k(z)dx

to be the approximation for C\.

REMARK 5.2. During the computation of C, we can choose a different h from
the discrete formulation (5.5). In order to improve accuracy, the step size h can be
chosen sufficiently large for the computation of Vs and of CM . So without loss of
generality, we assume Uy, = V2, which leads to C" = Cy1. In the coming convergence
analysis, we assume O = Cy;.

EXAMPLE 5.3. Let f = 1, the solution of diffusion equation (1.1) is

p=-Cu [ K lenle)ic~C. [ K (e
0 0
fractional flur: w= —K(z)Dp= Cpizk(z)+ Crr(x),

1 —1
1 Jo K 'ak(x)de
where Cnl = o) CH = _CKIW.

In this example, the reqular part of p,u is p = 0,u = 0.
Now we are to verify the feasibility of the numerical scheme by solving Example
5.3 numerically. When f =1, from the expression (5.3), we derive O, = C%, which

equals Cye1. So lip =0 by (5.5) since fn =0, and pp, = 0 by (5.6). Substituting these

] ) ho h fl K 'zkr(z)de
into (5.8), we derive that C) = *051;51(_%7

with (4.21) and (5.7), we obtain that py,un are consistent with the exact solution
p,u. i.e., the fraction diffusion equation (1.1) is exactly solved by LSMFE for right
term f = 1.

Now we shall give the error estimates. The error between C”* and C, is estimated
as follows.

LEMMA 5.2. Let Cy, and C" be defined by (4.6) and (5.8) or (5.9), respectively.
Then, the following estimates hold

which s just C... Comparing

CK*
5.10 c,—-Cc< D—D
( ) | Ii‘ _ B(1+T1,1+T2) ||p thHl(Q)
and
K* ~  ~
(5.11) G = Cl| < [ — ]|

K.B(1+ry,14+1r)

Proof. Since the diffusion coefficient K (x) has positive lower and upper bounds
K, and K*, we calculate the integral directly to deduce

(K*)'B(1+7r1,14+1m) < fol K 'k(z)de < K;'B(1+71,1+19),
where B(1 + r1,1 4+ 1r9) = F(llﬂtzﬁ)rf-(rl;?)
application of the Sobolev imbedding theorem leads to

P -mW| . CK
| fol K—'k(z)dz| B(1 471,14
18
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and application of Cauchy-Schwarz inequality ensures,

hy _ 1Jg K~ (@—p)da| K* ~  ~
Cr = Cil = |Of01 K in(@)dz] - K.B(+r1,19712) [ = nl

|
REMARK 5.4. This corollary only gives some upper bounds in accordance with
| fo K~ (a—un)dz| 15(1)—ph (1)
| 3 K=1k(x)da] | [ K=tk(x)dx]’

llu—un|| or [[p—prl m1(q)- In fact, the exact bounds, or

can be much smaller than these estimates.

In the coming convergence analysis, we shall use two interpolation operators
IF : H5(Q) — Hj, and I}, : H'(2) — V), which satisfy the following approximation
properties [4, 8].

LEMMA 5.3. Let ¢ € H*(Q) and w € H'(Q) with s > 1, t > 1 — 3. Then, there
exists a constant C' > 0 such that

(5.12) (@) lla = hallm @) < Ch "B,
0) w = w5 < Chm B8 | e .-

With the help of Lemma 5.3, we shall conduct the error estimates of u — uy, and
D — Dr in the energy-norm.

THEOREM 5.4. Assume 0 < 8 < %, 0<fd<lands>2—0. Letp €
H¥(Q)NHL(Q) and @ € H*=(Q)NH; ?(). Let [p, 1] and [pr, tn) denote solutions of
the variational formulation (4.10) and discrete formulation (5.2), respectively. Then,
there exist constants C such that

1P — Prllar @) + 14 — wnll g1-5(0)

(5.13) i D u
< Chmln{8—2+ﬁvkvl+ﬁ}{Hp”Hs(Q) + ||U||H5*1(Q)}'

Proof. Subtracting (5.2) from (4.10), we obtain the error equation
(5.14) B([p — Pn, uw — unl; [gn, vr]) = 0, Vgn,vn] € Hy X V.
Take g, = I,’fﬁ—ﬁh e Hy, vy, = I}Lﬂ — Uy, € Vp, in (5.14) to derive,
B(L5p—pn, It —n); 15— Pn, Iu—un]) = B(UL3p— b, Ly —al; I5p—ph, 1,0~ n]).-

Applying the coercivity and continuity of the bilinear form B([-,];[-,:]) and the ap-
proximation properties (5.12), we conclude

1ZF = Bl ) + 1IET = Tnllprr-5 0

(5.15) in{s— LK} |~ in{s— o]
< Chmln{s 1,k}Hp||HS(Q)_|_Ohm1n{s 2+ﬂ,l+5}”u||H571(Q)-

A direct application of the triangle inequality and (5.12) to this estimate will lead to
(5.13), which completes the proof. O

REMARK 5.5. The estimate of ||t — || g1-5q) in Theorem 5.4 is optimal only if
s—2+4 8 < min{k,l+B}. This arises from the involvement of p and u in the resulting
error equation (5.14).

We can sharpen the estimate for || — || g1-5(q) by directly applying the error
equation resulting from (4.16) and (5.5).

COROLLARY 5.5. Under the assumptions of Theorem 5.4, there exists a constant
C such that the following optimal energy norm estimate for u holds,

(5.16) i = T r1-5 (@) < Chrrlin{l+5,s—2+ﬂ}||a||HS_1(Q).
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Proof. Taking v = v, € V}, in (4.16) and subtracting (5.5), we derive the error
equation,

(5.17) (D" (@ — ), Dy Pun) =0, Yoy, € V.

Taking v, = I} % — uy, in (5.17), then applying the approximation properties (5.12b),
the inequality (3.5) and the triangle inequality, we obtain the optimal estimate (5.16)
for w. O

What remains is to compute p; and uy, and estimate their error bounds.

Since the kernel function x(z) and function zx(z) only belongs to L' (Q), we select
the the following metrics for v and p to measure their errors,

ulll == l[@ll -5 @) + [|[Crri(@) L1 ()

and
’ 1

Combining the estimates for [p,u] in Theorem 5.4 and for C,; in Lemma 5.2, we
obtain the following error estimates for [p, u].

THEOREM 5.6. Assume 0 < 3 < %, and 0 < 6 < 1. Let [p,u] be the solution to
(4.1) and [pp,up) to (5.7). Then, there exist constants C such that

(5.18) [llp = pulll + lllw — unll| < Ch@™=2FBRIY Bl 1o ) + [[all 10 }-

Proof. Subtracting (4.21) from (5.7) and taking the metrics ||| - |||, we have
llp=pulll = 1P = Bullari) + 1(Ce = CF) fy K™ 6(E)dElwra(a)
< NP =Bullae) +1C = CRI | Jg K~ a(§)dEllwa (o)
and
llu—unlll = &= anllmi-s0) + 1(Cu = CR)8(2) | 11 (0
< |l —unll -5y + 1C — CH |6(2)] L1 (0)

Noting that
1
[s(@) L) = / k(z)dz = B(14+ 71,1+ 1),
0
Iy K h(€)de] < K B(1+r1,1+72),

I fy K7 6@ dellwrny = | o K7 6(€)dEllLo) + 1D [y K1 R(€)dE] Lo
2K 1B(l +7r1,1+13),

A

we then apply Lemma 5.2 to obtain the estimates

Ip=pull < 17 =Bl @) + 211D — Pullm @
< (1+ 211((**)%*5}1“}11(9),

I —wunlll < N&@—tnllmgi-s) + 21T —
< (1+%)”7’Z*ahHH1*ﬁ(Q)y
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which, combining with Theorem 5.4, completes the proof. O
Analogous to Corollary 5.5, we immediately obtain a sharper estimate for w.
COROLLARY 5.7. Under the assumption of Theorem 5.6, there exists a constant
C' such that the following optimal error estimate holds,

(5.19) = unll| < CR™PFES=2H0} G| o .

REMARK 5.6. The theoretical results derived in Section 3, 4 and 5 only include
the case 0 < B < % This stems from Lemma 3.2 concerning the coerciveness of
the fractional operator, which remain an open question as for the case % < B < 1.
However, the numerical computations in section Numerical Fxperiments suggest that

the convergence result for % < B <1 are consistent with those for 0 < g < %

6. Numerical Experiments. In this section, we employ piecewise linear finite
element approximation (k = = 1) and conduct three numerical experiments to verify
our theoretical findings: the first one is for a regular solution, i.e., Cy; = C, = 0 and
the others are for a singular solution, i.e., Cx1 # 0 or C, # 0.

EXAMPLE 6.1. Let K(x) =2z +1 and 6 = m with q1,q2 € (0,1),
q1 + g2 = 2 — 3. The analytic solution p and the right-hand side function f are
prescribed respectively to be

p(z) = a0t - gyt

fl@) = —(1—0) 2B (gy + 2){~ (2B (1~ B)gz + 48— 7)
+ oo (2= B)g2 + 28 — 6)7 — 5155 (3 — B)go — 1)a
+artgy (4 — B)2®.

In this example Cy; = C, = 0,f € H'(Q),p=p € H(Q)NHL(Q) and & = u =
—K(x)Dp € H*=(Q) N Hy ?(Q) with s = min{q1, g2} + 147, 0 <y < 1/2.

We take different 5 = 0.1,0.25,0.5, 0.75 and 0.9 to investigate the S dependence
on the convergence rates.

From Theorem 5.4 and Theorem 5.6, the predicted convergence rate for ||p —
Pl (o) and |[|[p—py||| are pin{1+5Ls =245} — py+min{l=a1.1=a2} From Corollary 5.5
and Corollary 5.7, the predicted convergence rate for |[u — up || g1-5(q) and ||[u — upl|
are hmin{1+8,s—2+p} — py+min{l—gqi,1—qa}

For 5 =0.10, 8 = 0.60, ¢; = 0.94, g2 = 0.96. Table 6.1 and Table 6.2 suggest that
the convergence rates for ||p — pp | g1 (o) and |||p — pa ||| are h', which are higher than
that of predicted by Theorem 5.4 and Theorem 5.6, h%%%, and in accordance with
that of interpolation h' (see (5.12)(a)); the convergence rates for ||t —up || gr1-5(q) and
|l|u —up|| are higher than that of predicted h%->4, and almost in accordance with that
of interpolation h%%* (see (5.12)(b)).

For g =0.25, 6 = 0.60, g1 = 0.85,r5 = 0.90. Table 6.1 and Table 6.2 suggest that
the convergence rates for ||[p — pn| m (o) and |||p — pal|| are k', which are higher than
that of predicted by Theorem 5.4 and Theorem 5.6, h%%°, and in accordance with
that of interpolation h' (see (5.12)(a)); the convergence rates for ||t —up || zr1-5(q) and
l|u —wup]|| are higher than that of predicted h%-%°, and almost in accordance with that
of interpolation h%%0 (see (5.12)(b)).

EXAMPLE 6.2. Let K(z) = 2+ 1,0 < 6 < 1. The analytic solution p and the
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TABLE 6.1
Numerical results for Example 6.1 with 6 = 0.6

B a1, g2 h |lp—pnllar) rates |[u—up|mi-s) rates |Cj -
2-4 1.75e-2 1.48e-1 6.35e-4
5=0.10 270 8.75e-3 1.00 7.29e-2 1.02 2.62e-4
1 =094 276 4.37e-3 1.00 3.68e-2 0.99 1.16e-4
=096 277 2.19¢-3 1.00 1.93e-2 0.93 5.44e-5
2-8 1.09e-3 1.00 1.06e-2 0.86 2.62e-5
Pred. rates 0.54 0.54
2—1 1.99e-2 9.70e-2 2.01e-3
£5=0.25 275 1.00e-2 1.00 4.91e-2 0.98 9.17e-4
¢1 =085 276 5.00e-3 1.00 2.65e-2 0.89  4.37e-4
=090 277 2.50e-3 1.00 1.52e-2 0.80 2.13e-4
2-8 1.25e-3 1.00 9.21e-3 0.73 1.06e-4
Pred. rates 0.60 0.60
2-14 2.56e-2 4.76e-2 4.03e-3
5=0.50 275 1.30e-2 0.98 2.48e-2 0.94 1.92¢-3
=069 27 6.58¢e-3 0.98 1.38e-2 0.85 9.38e-4
g2 =081 277 3.31e-3 0.99 8.00e-2 0.79 4.63e-4
2-8 1.67e-3 0.99 4.75e-3 0.75 2.29e-4
Pred. rates 0.69 0.69
2—4 3.44e-2 2.09e-2 4.79e-5
B=0.75 275 1.84e-2 0.90 9.67e-3 1.11 1.91e-5
g1 =048 276 9.74e-3 0.92 4.76e-3 1.02 9.87¢-6
=077 277 5.13e-3 0.93 2.44e-3 0.97 5.39¢e-6
2-8 2.69e-3 0.93 1.29e-3 0.92 3.49e-6
Pred. rates 0.73 0.73
24 6.36e-2 6.84e-2 6.17e-6
£5=0.90 275 3.62e-2 0.81 3.56e-2 0.94 1.55e-5
q1 = 0.26 2-6 2.09e-2 0.79 1.94e-2 0.88 1.14e-5
g2 =084 277 1.22¢-2 0.78 1.08e-2 0.84 6.42e-6
2-8 7.13e-3 0.77 6.18e-3 0.81 3.13e-6
Pred. rates 0.66 0.66

right-hand side function f are prescribed respectively to be

p(z) = 327 —22%—C, [ K k(£)d¢,
6 1
fo = Wigm™ e
6 6 2
WO -OGm T s s )

where C,, = (fol K=12" (1 — 2)"2dx)~ Y, r1 and ro are determined by (3.4).
In this example, Cy; = 0,C, # 0, p = 32? — 223 € H*(Q) and u = 62° — 62 €
H'™(Q) with v € (0,1/2), which can be selected as possible as close to 3.
We take different § = 0.1,0.25,0.5, 0.75 and 0.9 to investigate the 8 dependence
on the convergence rates. From (3.4), the index of singular kernel are 7 = —0.06,
ro = —0.04, as 8 = 0.10,0 = 0.6; ry = —0.15, ro = —0.10, as 5 = 0.25,0 = 0.6; r; =
22



TABLE 6.2
Numerical results for Example 6.1 with 6 = 0.6

Boagz b llp—palll rates [[u—upl| rates [Cr— Chy
2=% 1.92¢-2 1.50e-1 2.54e-3
£=0.10 275 9.38¢-3 1.03 7.37e-2 1.03 9.28¢-4
1 =094 276 4.64e-3 1.02 3.71e-2 0.99 3.63e-4
g2=096 277  2.30e-3 1.01 1.94e-2 0.93 1.53e-4
2-8 1.14e-3 1.00 1.07e-2 0.86 6.91e-5
Pred. rates 0.54 0.54
2=% 2.53e-2 1.04e-1 6.40e-3
£=0.25 275 1.23e-2 1.03 5.19e-2 1.00 2.67e-4
¢1=0.85 2%  6.08e-3 1.02 2.78¢-2 0.90 1.19¢-3
g2=090 277  3.02-3 1.01 1.59¢-2 0.81 5.61e-4
278  1.51e-3 1.00 9.52e-3 0.74 2.72e-4
Pred. rates 0.60 0.60
2=1 3.94e-2 6.40e-2 1.20e-2
£=0.50 275 1.95e-2 1.02 3.24¢e-3 0.98 5.49¢-3
¢1 =069 276 9693 1.01 1.75¢-2 0.89 2.62¢-3
g2=0.81 277  4.85e-3 1.00 9.80e-3 0.83 1.28¢-3
278 2.43e-3 1.00 5.64e-3 0.80 6.36e-4
Pred. rates 0.69 0.69

2=%  4.09e-2 3.13e-2 1.09e-2
B8=0.75 275 2.12-2 0.95 1.41e-2 1.15 4.69e-3
g1 =048 276 1.10e-2 0.94 6.78e-3 1.06 2.12¢-3
g2 =077 277  5.73e-3 0.94 3.38e-3 1.00 9.92e-4

2-%  2.97e-3 0.95 1.73e-3 0.96 4.68¢-4
Pred. rates 0.73 0.73

2=% 9.88¢-2 1.23e-1 5.61e-2
£=0.90 275 5.38e-2 0.88 6.27e-2 0.97 2.79e-2
1 =026 275 3.0le2 0.83 3.36e-2 0.90 1.45e-2

2 7

2 8

qo = 0.84 1.72e-2 0.81 1.85e-2 0.86 7.88¢-3
9.90e-3 0.79 1.05e-2 0.82 4.39¢-3
Pred. rates 0.66 0.66

—0.31, 1o = —0.19, as B = 0.50,0 = 0.6; vy = —0.52, o, = —0.23, as 8 = 0.75,0 = 0.6;
ry = —0.74, r = —0.16, as § = 0.90,60 = 0.6.

The value of s in Theorem 5.4 is given by s = 2 + v ~ 2.5. From Theorem 5.4
and Theorem 5.6, the predicted convergence rate for ||p — p|lg1(q) and |[[p — prl|
are: poin{1+81s=248} — pmin{1,2.5-245} — pmin{1,054+8}  From Corollary 5.5 and
Corollary 5.7, the predicted convergence rate for ||t — up|| g1-5(q) and ||[u — upl|| are:
hmin{1+ﬁ,s—2+,8} _ hmin{2.5—2+[3} — hrnin{0.5+[3}.

For § = 0.1, Table 6.3 and Table 6.4 suggest that the convergence rates for
|l — Pl ) and [[|p — prll| are h', which are higher than that of predicted A%,
and in accordance with that of interpolation h' (see (5.12)(a)); the convergence rates
for || — || gr1-5(q) and ||Ju —up||| are h'1°, which are higher than that of predicted
h%6, and in accordance with that of interpolation h'1? (see (5.12)(b)).

For 5 = 0.25, Table 6.3 and Table 6.4 suggest that the convergence rates for
1P — Pl () and |[|p — prl|| are h', which are higher than that of predicted h°-75,
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and in accordance with that of interpolation k! (see (5.12)(a)); the convergence rates
for || — || gr1-5(q) and ||Ju —up||| are h'-25, which are higher than that of predicted
h97 and in accordance with that of interpolation A5 (see (5.12)(b)).

TABLE 6.3
Numerical results for Example 6.2 with 6 = 0.6

B,71,72 h lp—pullar rates [lu—nllg-s@) rates [Cyx—CP
21 6.26e-2 2.25e-1 2.11e-3
£5=0.10 2-5 3.13e-2 1.00 1.04e-1 1.10 4.47e-4
ri=-0.06 276 1.56e-2 1.00 4.87e-2 1.10 9.14e-5
rg =—0.04 277 7.81e-3 1.00 2.27e-2 1.10  1.71e-5
2-8 3.91e-3 1.00 1.06e-2 1.10 2.42e-6
Pred. rates 0.60 0.60
21 6.25e-2 1.01e-1 5.39e-3
£5=0.25 2-5 3.12e-2 1.00 4.21e-2 1.26 7.16e-5
ri=-0.15 276 1.56e-2 1.00 1.77e-2 1.26 4.63e-6
ro = —0.10 277 7.81e-3 1.00 7.41e-3 1.25 1.96e-6
28 3.91e-3 1.00 3.11e-3 1.25 1.34e-6
Pred. rates 0.75 0.75
2-4 6.25e-2 2.45e-2 9.80e-5
£5=0.50 275 3.13e-2 1.00 8.39e-3 1.54 4.29e-5
rp=-031 276 1.56e-2 1.00 2.92e-3 1.52 1.36e-5
re = —0.19 277 7.81e-3 1.00 1.03e-3 1.51 3.86e-6
2-8 3.91e-3 1.00 3.61le-4 1.51 1.06e-6
Pred. rates 1.00 1.00
21 6.25e-2 6.82¢-3 1.54e-4
£5=0.75 2-5 3.12e-2 1.00 1.80e-3 1.92 4.01e-5
rp=-052 276 1.56e-2 1.00 4.87e-4 1.89 1.03e-5
ro = —023 277 7.81e-3 1.00 1.35e-4 1.86 2.61e-6
2-8 3.91e-3 1.00 3.78e-5 1.83 6.57e-7
Pred. rates 1.00 1.25
2~ 6.31e-2 1.35e-2 9.09e-5
£5=0.90 2-5 3.13e-2 1.00 3.08e-3 2.13 2.26e-5
ri=-074 276 1.56e-2 1.00 7.0le-4 2.14 5.64¢-6
re =—0.16 277 7.81e-3 1.00 1.59e-4 2.14 1.41e-6
2-8 3.91e-3 1.00 3.38e-5 2.23 3.53e-7
Pred. rates 1.00 1.40

EXAMPLE 6.3. Let K(x) = x + 1. The analytic solution p and the right-hand
side function f are prescribed respectively to be

p@) = — [TK O — Or(E)dE — Cor [ K-HE)ER(E)AE — Cy [T K-1E)r(€)dE,
fl@) = 03EATE - B)a,

where Cy1 = —(r2 + 1), Cy; is selected to such that p(1) = 0.

In this example Cyx1 # 0,C; # 0. The regular part of solution p and u are
p=—Jy KHE(1-&r(§)ds € H(QNHL((2)) and T = 2(1—-z)r(z) € H*~H(2)N
H;~P(Q) with s = min{ry, 72} + 2 + 7, respectively.
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TABLE 6.4
Numerical results for Example 6.2 with 6 = 0.6

Borira b [lp—palll rates [lu—upl] rates [Cpr— Clyl
2=% 6.38¢e-2 2.28¢-1 1.97¢-3
£=0.10 275 3.14e-2 1.02 1.05e-1 1.12 5.64e-4
ri=-006 2%  1.56e2 1.01 4.89e-2 1.11 1.62e-4
ro =—0.04 277  7.80e-3 1.00 2.27e-2 1.10 4.80e-5
28 3.90e-3 1.00 1.06e-2 1.10 1.50e-5
Pred. rates 0.60 0.60
2=% 6.16e-2 1.03e-1 2.77e-3
£=0.25 275 3.09e-2 0.99 4.27e-2 1.28 7.12e-4
ri=-0.15 276 1552 0.99 1.78e-2 1.26 1.83e-4
ro =—0.10 277  7.79¢-3 1.00 7.44e-3 1.26 4.74e-5
278 3.90e-3 1.00 3.12e-3 1.25 1.27e-5
Pred. rates 0.75 0.75
2-1T 6.14e-2 2.66¢-2 2.54e-3
£=0.50 275 3.10e-2 0.98 8.92¢-3 1.58 5.79¢e-4
rn=-031 276  1.56e2 0.99 3.05¢-3 1.55 1.31e-4
ro =—0.19 277  7.80e-3 1.00 1.06e-3 1.53 2.95e-5
278 3.90e-3 1.00 3.69e-4 1.52 6.71e-6
Pred. rates 1.00 1.00

21 6.20e-2 9.43e-3 2.38¢-3
£=0.75 275 312-2  0.99  2.38¢-3 1.99 5.07e-4
r=-052 2% 156e-2 1.00  6.13e-4 1.95 1.07e-5
ro=-023 277 78le-3  1.00 1.62e-4 1.92 2.26e-5
2-%  391le-3  1.00  4.37e-5 1.89 4.57e-6
Pred. rates 1.00 1.25

2=1 5.92e-2 2.53e-2 1.18e-2
£=0.90 275 3.05e-2  0.96 5.75e-3 2.14 2.65e-3
rr=-074 276  1.54e2 098 1.30e-3  2.14 5.89e-4

7

-

ro = —0.16 7.77e-3 0.99 2.90e-4 2.16 1.29¢-4
3.90e-3 1.00 6.03e-5 2.27 2.58e-5
Pred. rates 1.00 1.40

We take different 5 = 0.1,0.25,0.5, 0.75 and 0.9 to investigate the S dependence
on the convergence rates.

From Theorem 5.4 and Theorem 5.6, the predicted convergence rate for ||p —
Pl () and ||[p — ppl|| are: pmin{1+8:1s=245} — py+min{=ri.=r2} Fyom Corollary 5.5
and Corollary 5.7, the predicted convergence rate for ||[u — tp|| g1-5(q) and [||u —up ||
are: hmin{1+ﬁ,s—2+5} — h'y+min{—r1,—r2}.

For 8 = 0.10, # = 0.60, the index of singular kernel is r; = —0.06, 75 = —0.04.
Table 6.5 and Table 6.6 suggest that the convergence rates for ||p—pn|| g1 (o) and [||p—
pnl|| are b, which are higher than that of predicted by Theorem 5.4 and Theorem 5.6,
h954) and in accordance with that of interpolation h' (see (5.12)(a)); the convergence
rates for || — @p | g1-5 (o) and [|[Ju — upl|| are higher than that of predicted h°**, and
almost in accordance with that of interpolation h%5* (see (5.12)(b)).

For g = 0.25, § = 0.60, the index of singular kernel is r; = —0.15,75 = —0.10.
Table 6.5 and Table 6.6 suggest that the convergence rates for ||p—pn| g1 (o) and [||p—

25



pnl|| are b, which are higher than that of predicted by Theorem 5.4 and Theorem 5.6,
h%6% and in accordance with that of interpolation h' (see (5.12)(a)); the convergence
rates for || — @p | g1-5 (o) and [[Ju — upl|| are higher than that of predicted h°%°, and
almost in accordance with that of interpolation h%° (see (5.12)(b)).

TABLE 6.5
Numerical results for Example 6.3 with § = 0.6

B,7r1,T h Hfﬁ*FﬁhHHl(Q) rates ||ﬂ*'{7h||Hl—ﬂ(Q) rates |C’,..i *Og‘
2-1 8.13e-3 3.00e-2 6.87e-4
£=0.10 275 4.07e-3 1.00 1.58e-2 0.93 2.27e-4
ri=-0.06 276 2.03e-3 1.00 8.74e-3 0.85 8.85e-5
ro =—0.04 277 1.01e-3 1.00 5.15e-3 0.76 3.58e-5
2-8 5.08¢e-4 1.00 3.21e-3 0.68 1.62e-5
Pred. rates 0.54 0.54
2-1 9.60e-3 2.61e-2 1.29¢-3
£5=0.25 2-5 4.81e-3 1.00 1.52e-2 0.78 5.61le-4
ri=-015 276 2.41e-3 1.00 9.27e-2 0.71 2.60e-4
ro =—0.10 277 1.20e-3 1.00 5.85e-3 0.66 1.25e-4
2-8 6.02e-4 1.00 3.76e-3 0.64 6.08e-5
Pred. rates 0.60 0.60
2—4 1.35e-2 1.93e-2 2.39e-3
£5=0.5 275 6.89¢-3 0.97 1.13e-2 0.77 1.15e-3
ri=-031 2 3.49e-3 0.98 6.75e-3 0.74 5.61e-4
ro =—0.19 277 1.76e-3 0.99 4.10e-3 0.72 2.76e-4
2-8 8.85e-4 0.99 2.51e-3 0.71 1.37e-4
Pred. rates 0.69 0.69
24 2.07e-2 9.61e-3 3.25e-5
£5=0.75 275 1.12e-2 0.88 4.97e-3 0.95 1.53e-5
ri=-052 26 6.00e-2 0.90 2.63e-3 0.92 7.96¢e-6
ryg =—023 277 3.19¢-3 0.91 1.42e-3 0.89 4.20e-6
2-8 1.68e-3 0.92 7.76e-4 0.87 2.57e-6
Pred. rates 0.73 0.73
2-4 4.02e-2 3.18e-2 2.03e-5
£5=0.90 275 2.45e-2 0.71 1.89¢-2 0.75 1.79¢-5
ri=-074 26 1.48e-2 0.73 1.13e-2 0.75 1.03e-5
ro =—0.16 277 8.82¢e-3 0.74 6.68e-3 0.75 5.39e-6
2-8 5.27e-3 0.74 4.01e-3 0.74 2.55¢-6
Pred. rates 0.66 0.66

All of these numerical results strongly suggest that the proposed LSMFE in this
article captures exactly the singular part of the solution and possesses the optimal-
order approximation property as the approximation spaces involved that those typi-
cally used in the literature of finite element.

7. Concluding Remark. In this work, we have developed a least-squares mixed
variational formulation for two-side fractional diffusion equations with variable coeffi-
cient, by introducing an intermediate variable to isolate the variable coefficient from
the nonlocal operator and by decomposing the admissible spaces of the solution as
a direct sum of a regular fractional Sobolev space and a kernel-dependent singular
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TABLE 6.6
Numerical results for Example 6.3 with 6 = 0.6

Brirs  h [lp—pall rates [lu—unl] rates [Cos— Cly]
2-1 8.99e-3 3.08e-2 5.69e-5
£5=0.10 275 4.35e-3 1.05 1.60e-2 0.94 1.55e-5
r,=—-0.06 26 2.14e-3 1.02 8.84e-3 0.86 4.11e-6
ro =—0.04 277 1.06e-3 1.01 5.20e-3 0.77 9.72e-7
278 5.28e-4 1.01 3.23¢-3 0.69 1.47e-7
Pred. rates 0.54 0.54
21 1.15e-2 2.78e-2 9.13e-5
£5=0.25 275 5.62e-3 1.03 1.59e-2 0.81 1.65e-5
ri=-0.15 276 2.78e-3 1.02 9.60e-3 0.73 1.12e-6
ro =—0.10 277 1.38e-3 1.00 6.01e-3 0.68 3.86¢e-6
2-8 6.91e-4 1.00 3.84e-3 0.65 3.17e-6
Pred. rates 0.60 0.60
24 1.84e-2 2.35e-2 2.22e-4
5=0.50 275 9.20e-3 1.00 1.33e-3 0.83 4.58e-5
ri=-031 276 4.60e-3 1.00 7.71e-3 0.78 3.32e-7
re =—0.19 277 2.31e-3 0.99 4.59¢e-3 0.75 8.80e-6
2-8 1.16e-3 0.99 2.75e-3 0.73 7.61e-6
Pred. rates 0.69 0.69
2—4 2.14e-2 1.05e-2 8.46e-4
£5=0.75 275 1.16e-2 0.88 5.48e-3 0.94 5.01e-4
ri=-—052 276 6.25¢e-3 0.90 2.92¢-3 0.91 2.86e-4
ro =—023 277 3.32¢e-3 0.91 1.57e-3 0.89 1.58e-4
28 1.76e-3 0.92 8.61e-4 0.87 8.40e-5
Pred. rates 0.73 0.73
2-1 5.57e-2 4.83e-2 1.69e-2
£5=0.90 275 3.39e-2 0.71 2.90e-2 0.74 1.02e-2
ri=—-074 26 2.04e-2 0.73 1.73e-2 0.75 6.13e-3
ro =—0.16 277  1.22e-2 0.74 1.03e-2 0.75 3.67e-3
278 7.35e-3 0.73 6.23e-3 0.72 2.27e-3
Pred. rates 0.66 0.66
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