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Overview

In biochemistry, 2+ species, or “reactants’ can react if they come toegether and collide.
Alternatively, one species can degrade.

More is needed, though: correct orientation, enough energy, etc.

Examples
CHy + 20, — CO> + 2H>O  (burning of methane)
Ht + OH™ — H,0
unfolded protein — folded protein
250, + O, — 2503
H,O + CO, = H,CO3 (carbonic acid synthesis)
O3 — 0, + 0O

203 — 30,
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Mass-action kinetics

Classification of reactions:

m A—> P:  ‘"uni-molecular”
m A+ B — P: “bi-molecular”
m A+ B+ C—> P: ‘“tri-molecular”

Law of mass-action kinetics
A reaction rate is proportional to the probability of collision of reactants involved. J

The probability of collisions is proportional to the concentration of each reactant R, denoted

[R].

If x is proportional to y, then this means that they differ by a constant k, i.e.,
x = ky.

If x is proportional to y and z, then for some constant k,

x = kyz.
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Mass-action kinetics

Law of mass-action kinetics

A reaction rate is proportional to the concentrations of the the reactants.

ODE model
= AL P 9P _ 4]
dt
K ) diP]
s A PLQ ~ = KA
K, p. dlP] _
=A+B-S P s = kA8
m 24 5 P % = K[AJ?
wargiap AP B - k[P
ko dt
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An example

Consider the following chemical reaction network:

A+Bc, Al op
ko

Let x1(t), x2(t), and x3(t) denote the concentrations of A, B, and C. Then we get the

system
dxi
— = —kixi1x2 + koxz — k3x:
dt 1X1X2 2X3 3X1
dx;
s = —kix1xo + koxz + 2k3xy
dt
dx3
— = kixixo — koxs.
dr 1X1X2 2X3

To find the steady-states, set each x/ = 0 and solve the system.

This can be found by computing a Grobner basis of the ideal

| = (— kixixo + koxz — kaxi, —kixixe + koxz + 2ksx1, kixixo — k2X3).
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An example
Consider the following chemical reaction network:

k
A+B2c, Al 0B,
ko

and the resulting system of nonlinear ODEs:

dx:

o —kix1xo + koxz — k3xy
dt

dx;

2 _ —kixixo + koxz + 2ksxy
dt

dx3

— = kix1xo — kox3.

dr 1X1X2 2X3

Questions

m Does the system have a positive or non-negative equilibrium?
m Does the system have multiple positive equlibria?

m Does the system have a stable positive equillbrium?

m Does the system have an unstable positive equillbrium?

m Do all positive species concentrations admit a positive cyclic composition trajectory?

m How do the answers to these questions depend on the rate constants?
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Mass-action kinetics
Enzymes are proteins that catalyze reactions (up to 10'2-fold!)

An example

Consider the following chemical reaction

k:
E+S—~Es B Eqp
k2

E = enzyme, S = substrate, ES = enzyme-substrate complex, and P = product.

MBS _ walEis) - (ke + ko)iES)
AP _ botes)
Eo = [E] + [ES], Eyg = initial enzyme concentration

Assumptions

m Ej is constant.

m Enzyme-substrate complex reaches equilibrium much earlier than the product does, so

d[ES]
dt

N
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Mass-action kinetics

Goal
. . . . d[P] .
Write the differential equation pralke k3[ES] in terms of [S], not [ES].
E!
Since d[dtS] ~ 0, we can simplify the ODE for [ES]:
d[ES
) _ at£11s] ~ (ke + ko) 1ES] = 0.

Upon solving for [E], we get
_ (ko + k3)[ES]
[E] = — 5]

Plugging this into Eg = [E] + [ES] and solving for [ES]:

Eo[S]
[ES]= —F——.
kzz;lg + [5]
Alas, we can write [ ] [ ] [ ]
d[P ksEo[S Vinax[S
——= = k3[ES] = = .
= = k[ES] B (S| Kn+[S]
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Michaelis—Menten equation

Recall the following chemical reaction:

k:
E+SXEs B Eqp
k2

E = enzyme, S = substrate, ES = enzyme-substrate complex, and P = product.

Definition

The Michaelis—Menten equation is one of the best-known models of enzyme kinetics.

d[P]  Vmax[S] ke + k3
—_— = h Vmax = k3 Ep, d Km =
dt Ko+ [5]7 whnere Vma 3Ep, an m e
—_
f([SD

Remarks

m The “reaction rate”, f([S]), is a strictly increasing function of [S].

lim f([S]) = Vimax, (biologically, the maximum reaction rate)
—00

[s]
f(Km) = 3 Vinax.
m The reaction rate f([S]) is proportional to Ep.
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Michaelis—Menten equation

Recall the following chemical reaction:

k
E+S2Es B Eqp
k1

E = enzyme, S = substrate, ES = enzyme-substrate complex, and P = product.

Further assumptions

m Substrate concentration is conserved: Sp = [S] + [ES] + [P].
m Ey € Sp, so [ES] « [S] and [P].

Together, this means Sy ~ [S] + [P]. Taking % of both sides yields

diS] _ _d[P] _ _ Vmax[S]

dt dt ~ Km+[S]”

Usually, Vinax, Km, and Sp are known quanities. This is now something we can easily solve,
graph, analyze, etc.
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Multi-molecule binding

Consider a reaction where n molecules of a substrate S react with an enzyme E:

S RN ES, N E+ P
ka
The enzyme-substrate complex here is ES,. By mass-action kinetics,

d[ES
) _ s (E1is1 — (ko + ko)(ESA)
d[P]
—— = k3[ES
ar ~ olES]
Eo = [E] + [ESh], Ep = initial enzyme concentration

As before, assume [ES,] reaches equilibrium much quicker than [P] and [S]:
[

d[ES,] . (ko + k3)[ESx]
a0 [E] = k[S]"

Plugging this into Eg = [E] + [ESn] and solving for [ES,] yields

E[S]" d[P] _ Venar[S)"
ket 4 [s]n dt ~ Knt[SI"]

[ES,,] =
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Multi-molecule binding

Hill equation

Given the chemical reaction k> ks

E+nS—=ES,—E+P
ky

we derived the following ODE involving [P] and [S]:

d[P]  Vimax[S]" ko + ks
APl Vmadol e Ve = el il o = L2
dt  Kmt [S]r  ere Ymax = feFo. and Am ki
—_—
F(SD)

This is called the Hill equation with Hill coefficient n.

Remarks

m The “reaction rate”, f([S]), is a strictly increasing function of [S].

L] [sl]im f([S]) = Vmax, (biologically, the maximum reaction rate)
—00

n F(Kn") = 1 Vinax.

m The reaction rate f([S]) is proportional to Ep.

m n =1 is just the Michaelis—Menden equation.
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Hill equations

The following shows several “Hill functions” y =

n

T for various values of n.
+t

y=t {1+ )

=
0

=
[
@ oe w e

06+

04+

-3
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Michaelis—Menten variants

We just saw an equation for where 1 molecule of a substrate reacts with an enzyme:

k d[P V,
E+S<=ES b E + P, Solution: d[P] _ Vimax[S]
ko

dt  Km+[S]
Suppose two substrates compete for the same enzyme:

E+S 2 Es B, pyE

P2
E+T & ET %, Q+E
o)

Eo = [E] + [ES] + [ET].
Exercise (HW): Solve for d[P] d[Q]

and ——.
dt dt

Question

How does the effects of the competition affect the dynamics of the system?
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Michaelis—Menten variants

We just saw an equation for where 2 molecules of a substrate reacts with an enzyme:

k
E+252Es, 2 E 4P,

P Vi 2
Solution: Lllid] = L[s]
ko dt Km + [S]?
But what if the binding is sequential?
ky k3 ks
E+S = ES+S = ES;, — P+ E.
ko ky
This is really two separate reactions
ki k3 ks
E+STES, ES+Sk=E52—>P+E.
2 4

Question

When does this system become roughly the same as the Hill equation with coefficient n = 27

)
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