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Motivation

Recall our toy model for the lac operon, with (x1, x2, X3, xa,x5) = (M, E, L, Le, Ge).
(o, .00, ) = (8A(aVx), x1, SA[(eAxs)V(2Ax3)], xa Xs5)
If we update these functions synchronously, we get a dynamical system map

f: ]Fg — ]Fg, x 1= (X1, X2, X3, X4, X5) —> (fl(x), h(x), f3(x), fa(x), f:r,(x)).

This can be visualized by the (synchronous) state space graph:

In this section, we'll formalize and study this, along with the asynchronous version.
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Motivation
The asynchronous automaton is defined by updating the functions individually.

It lives on the skeleton of a Boolean lattice.
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Motivation

Here is the asynchronous automaton of the following Boolean model:

(A, fa, ) = (BA(aVxa), x1, %A [CeAxa)V(2Axs)], xa xs)
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Attractors of Boolean models

Informally, an attractor is a collection of states that:

m are connected

m from which the system (if unperturbed) will never leave.
In the (synchronous) state space of a Boolean model, this is just a periodic cycle.
In the asynchronous automaton, an attractor is a terminal strongly connected component.

Biologically, attractors often correspond to

m steady-states, e.g., expression vs. non-expression of an operon,
m phenotypes, e.g., differentiated cell types,

m oscillations, e.g., cell cycles or biological rhythms.
Informally, the basin of attraction consists of the attractor, and all states that lead into it.

This all extends naturally to, e.g., ternary and logical models.
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Attractors: synchronous vs. asynchronous dynamics
Consider a Boolean model:

(., )= (VX2 VX3, X35, x2Ax3).

The synchronous state space and asynchronous automaton are below.

IR
@D G0

Coo) (o> (1)
aDY

There is one attractor: the fixed point (1,1,0) € F3.

Fact: Fixed points do not depend on the update schedule. (Why?)
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Attractors: Synchronous vs. asynchronous dynamics
Let's modify the previous example by changing 3 = x» A x3 to f3 = x3:

(o, B)=(a Ve VX3, X5, x).

The synchronous state space and asynchronous automaton are below.

In both cases, there is one attractor: a 4-cycle.
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Attractors: Synchronous vs. asynchronous dynamics

Consider a Boolean model:

(f,h, 1) = (X2, x1Vx3, %)

The synchronous state space and asynchronous automaton are below.

m Synchronous. There is one attractor: a 4-cycle.

m Asynchronous. There is one complex attractor of size 8.
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Attractors: Synchronous vs. asynchronous dynamics

The number of attractors depends on the update scheme. Consider a Boolean model:

(h, o, ) = (X2, X1, x1 Axa A x3).

The synchronous state space and asynchronous automaton are below.

m Synchronous. There are three attractors: a 2-cycle, and two fixed points.

m Asynchronous. There is two attractors, both fixed points.
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A Boolean model of the mammalian cell cycle

The following Boolean model was proposed in Fauré et al. (2006).

feyep = CyeD
frs = (CycD A CycE A CycACycB)
Vv (p27 A CycD A CycB)
fear = (Rb A CycA A CycB) V (p27 A Rb A CycB)
fo,ce = E2F A Rb
feyen = (E2F A Rb A Cdc20 A Cdh2 A Ubc)
V (CycA A Rb A Cdc20 A Cdh2 A Ubc)
fozr = (CyeD A CycE A CycA A CycB)
V (p27 A CycE A CycA A CycB A CycD)
fcde2o = CycB
fcann = Cdh1 v (Cdhl A Ubc A (Cdc20 v CycA v CycB))
fe,e8 = Cdc20 A Cdhl

It is a Boolean version of an ODE model published by Novak and Tyson (2004).

This is also the running example in the BoolNet online documentation and vignette.
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A Boolean model of the mammalian cell cycle (Fauré et al., 2006)

There are two attractors in both the synchronous phase space and asynchronous automaton.

m synchronous: a fixed point and a 7-cycle.

m asynchronous: a fixed point, and a 112-node complex attractor.

M. Macauley (Clemson) Algebraic models and finite dynamical systems


mailto:macaule@clemson.edu

Fields and rings, informally

A field is a set where we can add, subtract, multiply, and divide (except by zero).
In other words, we can do arithmetic, and the distributive law holds: a(b+ ¢) = ab + ac.
We've seen that every n-variable Boolean function is a polynomial.

This holds more generally.

Fact
If K is a finite field, then every function f: K" — K is a multivariate polynomial. J

This allows us to frame problems involving Boolean (and ternary, etc.) networks in terms of
algebraic geometry.

There is a rich toolbox of computational algebra to analyze these problems.

A ring is a set where we can add, subtract, multiply, but not necessarily divide. The
distributive law also holds.

The most common rings we will see are Z, and sets of polynomials, e.g., K[x] or K[x, y, z].
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Fields, formally

Definition
A set F containing 1 # 0 with addition and multiplication operations is a field if the
following three conditions hold:

m [F is an abelian group under addition.

m F\ {0} is an abelian group under multiplication.

m The distributive law holds: a(b + c¢) = ab + ac.

Examples
m The following sets are fields: Q, R, C, Fy, := Z, (prime p).

m The following sets are not fields: N, Z, Z, (composite n).

In this course, we will mostly deal with finite fields.

Proposition (exercise)
1. If | is an ideal of a commutative ring R, then R/ is a field iff | is maximal.

2. Any finite integral domain is a field.
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Finite fields
Definition

Let IF be a finite field. The characteristic of F, denoted char(F), is the smallest positive
integer n for which n1:=1+4+1+-.-.+1=0.
—_—————

n times

Remarks
m It is elementary to show that char(F) must be prime.
m F contains F, = {0,1,...,p — 1} as a subfield.

m T is a vector space over Fp. Therefore, |F| = p* for some k € Z.

Proposition
If K and L are finite fields with K C L and |K| = p™ and |L| = p”", then m divides n.

Proof (sketch)
We have F, C K C L. Then L is not only a Fp-vector space, but also a K-vector space.

Let xi,...,xx be a basis for L over K. Every x € L can be written uniquely as
X = aixy + -+ + axxx. Now count elements.
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Finite fields
We know that:
m Zp is a field iff p is prime,
m finite integral domains are fields,

m every finite field has order p*.

But what do these “other” finite fields look like?
Let R = F2[x] be the polynomial ring over F5. (Note: we can ignore all negative signs.)

The polynomial f(x) = x? 4 x + 1 is irreducible over F, because it does not have a root.
(Note that f(0) = f(1) =1 #0.)

Consider the ideal | = (x? + x + 1) = {(x? + x + 1)h(x) | h € F2[x]}.
In the quotient ring R/I, we have x> + x +1 = 0, or equivalently, x> = —x — 1 = x + 1.
The quotient has only 4 elements:
0+, 1+1, x+1, (x+1)+1.
As with the quotient group (or ring) Z/nZ, we usually drop the “I", and just write
R/I =TFa[x]/(x* + x+1) = {0, 1, x, x +1}.
It is easy to check that this is a field!
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The finite field of order 4

Here is a Cayley graph, and the Cayley tables for R/l = Fa[x]/(x? + x + 1):

+ o
: o] <
A}
1
1
1
: [<]
<]

Theorem

There exists a finite field Fg of order g, which is unique up to isomorphism, iff g = pk for
some prime p. If k > 1, then this field is isomorphic to the quotient ring

Fp[x]/(f)

where f is any irreducible polynomial of degree k.

Much of the error correcting techniques in coding theory are built using mathematics over
Fys = Fas6. This is what allows your DVD to play despite scratches.
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Finite fields

Here is the finite field of order 8: Fg = R/l = Fa[x]/(x3 + x + 1):

+

Notice how Fy = {0, 1} arises is a subfield, but not F4. (Why?)
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Finite fields and ordering

Fields like Q and R are totally ordered: there is a natural < operation that respects the field
operations:

a<b = a+c<b+c, and a,b>0 = ab2>0.
It is well-known that C cannot be totally ordered.

Proposition J

Finite fields cannot be totally ordered.

In an algebraic model over [y, it is generally assumed that 0 <1 <2< --- < p—1inFp.
This is generally harmless; just note that this is not an “actual” total order.
There is no canonical way, official or not, to “order” Fs = {0,1, a, b}.

Remark

Though non-prime finite fields are generally not used in algebraic models, most of the results
in the section hold for general finite fields.

Throughout, assume that F is a finite field of order g = pX.
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Polynomials vs. functions over finite fields

Let F be a field of order g = p*. Every f € F[x] defines a function F — F, by ¢ + f(c).

For example, the following function Fs — Fs is defined by the polynomial f(x) = x? € Fs[x]:

x |0 1 2 3 4
fx) |0 1 4 4 1

This is called its truth table. There are exactly g9 functions F — F. (Why?)

However, the set F[x] is infinite. For example, polynomials in Fs[x] include:

3, X2+ 1, 2x* + x, X2, x6, 3x* + x3 +4x® + 4,

Thus, different polynomials can give the same function. For example, over F, both x? and x
define the same function.

Remark
The multiplicative group F* :=F \ {0} is cyclic of order ¢ — 1. Thus, a? = a for all a € F. J

This means that x9 and x define the same function over Fy.
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Polynomials vs. functions over finite fields

There are g9 functions F — F, where |F| = q.

Since x9 and x are the same function, every element in the quotient ring F[x]//, where
| = (x9 — x), defines a function.

That is, there is a well-defined (1-to-1) mapping

F[x]/I — {functions F — F}, f — {C0—>f(c)}.

Elements in the quotient ring F[x]/I, where | = (x9 — x), have the form
aq_lxq’1+~~-+alx+ao, a; €F.

There are clearly g9 elements in F[x]/I.

Thus, the function above is a bijection.

Summary

m Elements in the (infinite) ring F[x] are polynomials over F.

m Elements in the (finite) quotient ring F[x]/(x9 — x) are functions F — T.
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Multivariate polynomials as truth tables

m Every Boolean function on 3 variables (x, y, and z) can be written uniquely as

X 0 0 1 1 0 0 1 1

y 0 1 0 1 0 1 0 1

z 0 0 0 0 1 1 1 1
f(x,y,2) | 000 4010 8100 3110 8001 o011 3101 2111

Thus, there are 2(23) = 28 = 256 functions Fg — Fp.

m Every ternary function on 2 variables (x and y) can be written uniquely as

X 0 0 0 1 1 1 2 2 2
y 0 1 2 0 1 2 0 1 2
f(x,y) | @0 @0 a0 a0 a1 312 a0 an

a2

Thus, there are 3(3) = 39 — 10683 functions F2 — F».

m Every function on 2 variables (x and y) over Fs can be written uniquely as

x o 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2
y o o 0o 0o 0 1 1 1 1 1 2 2 2 2 2 3
f(x,y)

3 4 0 1 2 3 4
3 3 3 3 4 4 4 4 4
a00 310 a0 330 340 A1 311 3] 331 34] 302 31 3p 33 A4p A3 A3 A3 33 43 A4 3|4 A4 334 44

Thus, there are 5(52) =525 2 2.980 x 107 functions ]Fg — [y,
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Multivariate functions as polynomials

m Every Boolean function on 3 variables (x, y, and z) can be written uniquely as
a0 + a100X + aoioy + 0012 + aiioxy + aio1xz + ao11yz + aiixyz, ajik € Fa.
Thus, there are 2(2") = 28 = 256 functions F3 — F,.
m Every ternary function on 2 variables (x and y) can be written uniquely as
a00 + a10x + aory + axx® + anxy + anay? + anx2y + aaxy? + anx?y?, aj € Fs.
Thus, there are 3(3*) = 3% = 19683 functions F2 — F».
m Every function on 2 variables (x and y) over F5 can be written uniquely as

a00 + a10x + aoLy + arox? + a11xy + agoy? + asx® + axnx2y + axy? + azy’
+ agox* + 331X3y + 322x2y2 + 813Xy3 + ao4y4 + 341X4y + 332X3y2 + 323X2y3 + 314Xy4

+ agexy? + a3y + aoax®y? + ausxy? + azx®yt + auxtyt,  a; € Fs.
Thus, there are 5(5?) = 525 ~ 2.980 x 10'7 functions F2 — Fy.
Notice how these are all elements in the size-g(9") quotient ring
Folxt, ..o xn) /{0 — X150y X7 — Xa).
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Multivariate polynomials vs. functions over finite fields

Let F be a field of order g = p¥. Every f € F[xi, ..., xn] defines a function

F" — T, (c1y...,¢n) —> f(c1,...,cn).

For example, the following function F2 — F3 is defined by f(x,y) = x?y + 1 € F3[x]:

x 0 0 0 I 1 1 2 2 2
y 01 2 0 1 2 0 1 2
fo ] 1 1 1 1 2 0 1 2 0

By counting these truth tables, we see that there are exactly q(q") functions F" — TF.
However, the set F[xi, ..., xp] is infinite. For example, polynomials in F3[x, y] include:

2, x?+1, 2x* + xy, x+y?, x+y, xy +x%y% +2,

As before, different polynomials can give the same function. For example, over F3, both x,.3
and x; define the same function.

More generally Xl.q and x; define the same function over Fy.
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Multivariate polynomials vs. functions over finite fields

Let |F| = g. Since xiq and x; are the same function, every element in the quotient ring
Flx1,...,xn]/l, where | = (x] — x1,...,x7 — xp), defines a function.

That is, there is a well-defined (1-to-1) mapping
Flxi,...,xn]/I — {functions F" — F}, f+1 — {C — f(c)}.

Elements in the quotient ring F[xi, ..., xn]/I are sums of monomials with each exponent
fromO0,...,qg—1:

f:anxo‘, XY= xxg 2 X, a=(a1,...,an) € Zg, ca EF
For example, in F3[x, y]/l, each element can be uniquely written as
2 2 2 2 2,2
co0 + €10X + co1y + C0x” + cr1xy + cooy” + 21Xy + craxy” + cxy”.

Since there are g" monomials, there are q(qn) elements in F[xi, ..., xn]/l, so the map above
is bijective.

Summary

m Elements in the (infinite) ring F[x, ..., xa] are polynomials over F.

m Elements in the (finite) quotient ring F[x1, ..., xa]/(x — X;, Vi) are functions F" — F.
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A familiar example: Boolean functions

There are several standard ways to write a Boolean function f: F§ — .
1. As a logical expression, using A, V, and — (or o etc.)
2. As a “square-free” polynomial in Flxi, ..., xn]/{x? — x1,...,x2 — xn)
3. As a truth table.

Boolean operation logical form polynomial form
AND zZ=xAy z=xy
OR z=xVy z=x+y+xy
NOT z=X z=14+x
XOR z=x®y=(XxAY)V(XAy) z=x+y
Example

The following are three different ways to express the function that outputs 0 if
x =y =z=1, and 1 otherwise.

mf(x,y,z) =xXAyAz

m f(x,y,z) =1+ xyz

X 1 1 1 1 0 0 0 O

- y 1 1 0 0 1 1 0 O
z 1 0 1 0 1 0 1 O
f(x,y,z) /0O 1 1 1 1 1 1 1
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Boolean networks

Classically, a Boolean network (BN) is an n-tuple f = (f1,..., f,) of Boolean functions,
where f;: F§ — Fa. This defines a finite dynamical system (FDS) map

f: Fy — F7, x=(x1,..., %) —> (f(x), ..., fa(x))-

Any function from a finite set to itself can be described by a directed graph with every node
having out-degree 1. For a BN, this is called the phase space, or state space.

Definition
The phase space of a BN is the digraph with vertex set F] and edges {(x f(x)) | x € F5 }
Proposition
Every function f: F) — F7 is the phase space of a Boolean network f = (fi,...,f,).

i
Proof

Clearly, every BN defines a function F; — F7. We want to prove the converse. It suffices to
show that these sets have the same cardinality.

To count functions ] — F7, we count phase spaces. Each of the 2" nodes has 1 out-going

edge, and 2" destinations. Thus, there are (2")2" — on2" phase spaces.

To count BNs: there are 2(2") choices for each £, and so (2(2"))" = 272" possible BNss. O

v
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Boolean networks: an example

Consider the following Boolean model, where x +y = x XOR y = (x Ay) V(X A y):

(A, R, f3,fa) = (X1+73, x3V Xg, X2+ Xxa, 71)

The state space has: @ @
[ ;I':n:epeo::]:;sj of attraction (connected @ @
QP QD Qo
Qo>

m Three attractors (cycles):
= One 3-cycle
= One 2-cycle

m One fixed point (1-cycle) G G
m Six periodic states
We will leave it as an exercise to formalize these @

definitions.
Qoo
Remark J

m Ten transient states.

Some sources consider fixed points to be cyclic attractors; others do not.
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Boolean networks: an example

Here is the same Boolean model, but under an asynchronous update:

(o, fs,02) = (43X, x3VX, xo+xs, 1)

Notice how the larger limit cycles disappear; there is only one attractor.

M. Macauley (Clemson) Algebraic models and finite dynamical systems

Algebraic Biology

28/45


mailto:macaule@clemson.edu

Boolean models as polynomials

Every directed graph with V = ] with uniform out-degree 1 is the phase space of some
Boolean model (f1, ..., fy).

Each function f;: F§ — F5 lies in the quotient ring Fa[x1, ..., xa]/(x? — x1,...,X2 — Xn).

Summary

There are natural bijections between the following sets of size 2n2";
(i) Boolean models (fi,. .., fy), where f;: F§ — F.
(ii) Phase space graphs, i.e., functions f: Fj — F7.
(iii) Elements in the direct product (R/I) x --- x (R/I) of quotient rings, where

R =Ta[x1,...,Xn] and I=0(Z —x1,. .., X2 — xn).

Natural question

Given a function f: F§ — [FJ, how can we find the individual local functions fi, ..., f, for
which
f:(xa,--xn) — (A(X), ..., fa(x))?
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Algebraic models and FDSs

We just saw how every function f = 5 — FJ can be written as an n-tuple of “square-free”
polynomials over F:

f=(f, .. fa),  fi€Falxt, .., x)/(x§ —x1,. ., %) — Xn)-
This carries over to generic finite fields, but we will carefully re-define things first.

Definition

Let F be a finite field. An algebraic model over F is an n-tuple of functions f = (fi, ..., fn),

where each f;: F" — F.

Definition

Every algebraic model f = (fi,...,f,) over F defines a finite dynamical system (FDS), by
iterating the map

f:F" — F", x=(x1,...,xn) — (A(x), ..., fa(x)).

Remark

A classical Boolean network (BN) is just an algebraic model over F».
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Algebraic models and FDSs

Let F be a finite field of order g = pX. Recall that
R/ =TFlxt,...,xal/(x] = x1,...,x7 — xn)
is the set of functions F" — F.

Remark

Every algebraic model f = (fi,...,f;) can be associated with an element in

(R/1) x -~ x (R/1).

Recall that there are q(qn) elements in R/I.

Summary

(i) There are g("") algebraic models (fi, ..., f,) over F.
(ii) There are g("7") functions F" — F" (i.e., FDS maps, or phase spaces).

In other words, there is a natural bijection between these sets.

Said differently every function F” — F" is indeed the finite dynamical system (FDS) map
(i.e., phase space) of an algebraic model (fi,...,f,) over F.
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Algebraic models: a ternary example

Consider the following ternary model:
(f1, 22,B) = (2 +x3, x1x3, 2+ x2(x1x3 + 1)).

The state space has:

m Three basins of attraction (connected
components)

m Three attractors (cycles):
m One 5-cycle
= One 3-cycle
= One fixed point (1-cycle)

m 9 periodic states

m 18 transient states.
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Composing functions asynchronously

Consider a Boolean model (f1, 2, f3), where f; € F3 — F.

Suppose only one f; is applied at a time. Then the only state transitions are between nodes
that differ in one bit.

111 i1 111
110 101 011
100 [010] 001
[000] 000 [000]
fi can only change the 1st bit f, can only change the 2nd bit f3 can only change the 3rd bit

Moreover, upon applying f; from any node x € ]Fg, there are only two possibilities:
m f; fixes the ith bit: [brb2bs[ )
m £ flips the ith bit. [Brbabs——>{bibyby]
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Asynchronous Boolean networks

Consider a Boolean network f = (f1,..., f).

Composing the functions synchronously defines the FDS map f: F] — 7.

We can also compose them asynchronously. For each function f;, define the function
F;: F§ — %, X=Xty ey XiyeooyXn) —> (X150, Fi(X)s ooy Xn)-

Rather than a canonical dynamical system map, this defines a finite state automaton.

Definition
The asynchronous automaton of (fi,. .., f,) is the digraph with vertex set Fj and edges
{(Fi(x)|i=1,...,n; x €F3}.
.
Remarks

m Clearly, this graph has n - 2" edges, though self-loops are often omitted.

m Every non-loop edge connect two vertices that differ in exactly one bit. That is, all
non-loops are of the form (x, x + €;), where e; is the i*? standard unit basis vector.

m It is elementary to extend this concept from BNs to algebraic models over finite fields.

4
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The asynchronous automaton of an algebraic model

Recall: every function F” — F" can be realized as the FDS map (i.e., phase space) of an
algebraic model over F.

Similarly, every digraph with vertex set F" that “could be" the asynchronous automaton of
an algebraic model, is one.

Theorem
Let G = (F", E) be a digraph with the following local property (definition):

For every x € F" and i =1, ..., n: E contains exactly one edge of the form (x, x + ke;),
where k € F (possibly a self-loop)

Then G is the asynchronous automaton of some algebraic model (fi,. .., f,) over F.

Proof
It suffices to show there there are q("7") digraphs G = (F", E) with the “local property”.

Each of the ¢" nodes x € F" has n out-going edges (including loops). Each edge has g
possible destinations: x + ke; for k € FF.

This gives g" choices at each node, for all g" nodes, for (q")qn = q("q") graphs in total. O
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Algebraic models over general finite fields: synchronous vs. asynchronous
Let F be a finite field of order g = p¥. The following quotient ring has cardinality q(qn):

R/ =TFlxt,...,xal/(x] = x1, ..., x7 — xn),

Summary (updated)

Each of the following sets have cardinality q(na"):
m algebraic models (fi, ..., f,) over F.
m elements of (R/I) x --- x (R/I). [n copies]
m synchronous phase spaces, i.e., FDS maps F" — F”".

m asynchronous automata: a digraph G = (F”, E) with the “local property”.

Open-ended question

Better understand the following:
algebraic model

filyoosfa

phase space asynch. automaton
n

F” — F" D S >

)
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Phase space vs. asynchronous automaton

The phase space of an algebraic model f = (fi,...,f,) has two types of nodes:

m transient points: f¥(x) # x for all k > 1.
m periodic points: f¥(x) = x for some k > 1. (k = 1: fixed point)

Thus, the phase space consists of periodic cycles and directed paths leading into these cycles.

The asynchronous automaton of f = (f1,...,f,) can be more complicated.

For x,y € F", define x ~ y iff there is a directed path from x to y and from y to x.

The resulting equivalence classes are the strongly connected components (SCC) of the phase
space. An SCC is terminal if it has no out-going edges from it.

A point x € F":
m is transient if it is not in a terminal SCC.

m lies on a cyclic attractor if its terminal SCC is a chordless k-cycle (k = 1: fixed point).

m lies on a complex attractor otherwise.

Proposition

The fixed points of an algebraic model are the same under synchronous and asynchronous
update.
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Strongly connected components

Let's revisit a previous example, the asynchronous automaton of

(o, fs,02) = (43X, x3VX, xo+xs, 1)

There are 3 strongly connected components, colored below.
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Wiring diagrams
A function f;: F” — F depends on x; if for some x € F" and k € F,
fi(x) # fi(x + kei),
where e; € F" is the i*h standard unit basis vector.
Definition

The wiring diagram of an algebraic model (fi,...,f,) over F is a directed graph G with
vertex set x,...,Xs (or just 1,...,n) and a directed edge (x;,x;) if f; depends on x;.

If F =IFp, then an edge x; — X; is positive if a < b implies
(Xt s Xim1, 8, X1, -+ o5 Xn) < (X, Xim1, By Xig1, -, Xn)
and negative if the second inequality is reversed.
Negative edges are denoted with circles or blunt arrows instead of traditional arrowheads.
Definition

A function f;: F” — F is unate (or monotone) if every edge in the wiring diagram is either
positive or negative.
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Wiring diagrams in Boolean networks

m A positive edge X; — X; represents a situation where i activates j.

Examples.
m ff=xAy: 0=Ff(x=0,y)<fi(x;=1y)<1
mfi=xVy: 0<fi(xi =0,y) < fi(xi = 1,y) =

B A negative edge X; —— Xj represents a situation where i inhibits j.

Examples.
nfi=X Ay 1>fi(x=0y)>fi(x=1y)=
=X Vy: 1=fi(x=0y)>fi(xx=1y)>0

m We can write X; — Xj for edges that are neither positive nor negative:

Example. (The logical “XOR” function):
= fi=xity=(AY)V(KAy)
0=f(xi=0,y=0)<fi(xi=1y=0)=1

1=f(x=0,y=1)>fi(x=1y=1)=0

Most edges in Boolean network models are either positive or negative because most
biological interactions are either simple activations or inhibitions.
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Enumerating Boolean networks

Motivating question

Recall our 9-node Boolean network model of the /ac operon. For all 4 initial conditions
(Ge, Le) € ]F%, the phase space had exactly 1 fixed point that made biological sense.

What are the chances that this would have happened purely by coincidence?

To answer this, we need to count the number of Boolean networks, as well as those that
have just that one fixed point.
Recall

Every graph G = (F", E) with uniform out-degree 1 is the phase space of some algebraic
model (fi, ..., ) over F.

Corollary

Start with a phase space with vertex set F;. Remove k edges. There are exactly L
algebraic models that “fit this data”.

Proof
The tail of each “missing edge” is a state x € [FJ, and there are 2" possibile destinations
x — y when replacing it. |

M. Macauley (Clemson) Algebraic models and finite dynamical systems Algebraic Biology 41 /45


mailto:macaule@clemson.edu

An example

Exercise (easy)

How many Boolean networks contain the 4-cycle 000 — 101 — 111 — 010 — 000 in their
phase space?

Here is one example:

_ - 001
fox m<—100$
h=x1Nx3 i T
i =X

010 —> 000 &~
. ) T 110
Functions Wiring diagram Phase space

Suppose we remove all of the “dashed edges.” Then we can replace each one 8 different
ways. Thus, there are 8% = 4096 possibilities.

Exercise (harder)

How many Boolean networks contain a 4-cycle in their phase space? What if we require that
there is additionally only one connected component?

M. Macauley (Clemson) Algebraic models and finite dynamical systems Algebraic Biology 42 /45


mailto:macaule@clemson.edu

Counting algebraic models

Theorem

There are q(”q") algebraic models on n nodes. Of these:

(a) g"! have a phase space consisting of a length-g" chain of transient points.
(b
(c

) g"! are invertible (i.e., have no transient points).

)
(d) (g™ —1)9" have no fixed points.

)

)

(g™ — 1)! are invertible with a phase space consisting of a single cycle.

(e) (g")7"~! have a single connected component and fixed point.

(f) (¢" +1)9 "=1 have only fixed points (i-e., no longer periodic cycles).

As an example, the number of Boolean networks (that is, g = 2) on n nodes with various
properties is shown below.

n=2 n=23 n=4% n=>5 n==6
total BNs 256 | 1.678 x 107 | 1.845 x 1019 | 1.462 x 10%® | 3.940 x 101
invertible 24 40320 2.092 x 1013 | 2.631 x 103 | 1.269 x 10%°
single big cycle 6 5040 1.308 x 102 | 8.223 x 1033 | 1.983 x 1087
no fixed points 81 5.765 x 10° | 6.568 x 10'® | 5.201 x 10*" | 1.438 x 10'1°
1 component & f.p. 64 2.097 x 10° | 1.153 x 1018 | 4.567 x 10%® | 6.157 x 1013
only fixed points 125 | 4.782 x 10 | 2.862 x 108 | 1.189 x 107 | 1.635 x 1014
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Counting algebraic models
Theorem
There are q("qn) algebraic models on n nodes. Of these:
(a) g"! have a phase space consisting of a length-g" chain of transient points.
(b) g"! are invertible (i.e., have no transient points).
(c) (g" —1)! are invertible with a phase space consisting of a single cycle.
(d) (g" —1)9" have no fixed points.
e) (g" 4"=1 have a single connected component and fixed point.
g

(f) (" + 1)9"~1 have only fixed points (i.e., no longer periodic cycles).

Proof (sketch)
(a)—(d) are elementary counting arguments.
(e) is just the number labeled rooted trees on g" nodes.

For (f), use a bijection between phase spaces and labeled unrooted trees on g" + 1 nodes. O

Cayley's formula (and corollaries)
[ ] #{Iabeled unrooted trees on n nodes} =n""2
] #{Iabeled rooted trees on n nodes} = g1,

m The number of labeled forests on n labeled vertices is (n+ 1)"~1.
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Back to the /ac operon

Motivating question

Recall our 9-node Boolean network model of the /ac operon. For all 4 initial conditions
(Ge, Le) € ]Fg, the phase space had exactly 1 fixed point that made biological sense.

What are the chances that this would have happened purely by coincidence?

There are (29)(2") = 512512  1.400 x 10'3%7 Boolean networks on 9 nodes.
Of these, (29)2 —1 = 512511 ~ 2,735 x 101384 have a single component and fixed point.

Of these, (29)2 2 = 512510 x5 5.342 x 10'38! have the “correct” fixed point.
In other words, 1 in 262,141 Boolean networks on n nodes have this property.

Thus, the probability that each (Ge, Le) € ]Fg would yield such a phase space purely by

chance is approximately
1 4
— ] =~2118x 107 %
262,141
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